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Real estate assets such as office buildings and shopping centers play an important role 
in the real estate portfolios of institutional investors, although they may well consist 
of just a small part of such portfolios (Campbell and Viceira 1999 and Ross and Zisler 
1991 etc). There are more institutional investors holding the view that real estate 
assets should form an increasing share in their overall investment portfolios (Chun, 
Ciochetti and Shilling 2004 and Shoven and Sialm 1998 etc). Compared with the 
publicly traded securities, such as equities (common stocks) and bonds, which make 
up the vast majority of most institutional investor’s investment portfolios, real estate 
assets differ markedly in key respects. While common stocks and bonds are liquid 
and continuously traded, thereby making their market values readily observable, real 
estate assets are illiquid and sporadically traded, thereby making real estate market 
values rather difficult to observe. As for the publicly traded securities, there are 
well-established time series of returns that can be utilized in the estimation of the 
expected (future) risks and returns. However, this is not the case for new products in 
the direct real estate investment markets. Owing to limited and empirical data 
availability, an ex ante measurement and the modeling of direct real estate investment 
risk would be significant and can offer promising scholarly investigative research in 
real estate finance, particularly in such areas as the direct real estate expected return 




Investors in real estate, public or private, equity or debt, do evaluate their 
risk-adjusted returns in the pursuit of specific goals. More often the overall approach 
in practice is to anticipate direct real estate investment returns and not the 
risk-adjusted investment returns (Ibbotson and Siegel 1994). The reality that practice 
focuses on returns and not risk–adjusted returns is not because the real estate investor 
has not read finance theories but because currently there is a lack of appropriate risk 
measures. Hence, it is important to conduct an investigative research on the ex ante 
measurement and modeling of direct real estate investment risk. 
 
Dechow, Sloan and Soliman (2004) extend the traditional measure of bond duration 
to equity analysis and develop an algorithm for the empirical estimation of implied 
equity duration. They show that equity duration represents an important common 
factor in stock returns; the book-to-market factor advocated by Fama and French 
(1993) acts as a noisy proxy for an underlying duration factor. Equity duration 
measure captures the risks of stocks and helps explain the cross section of returns 
(Pedro, 2004; Dechow, Sloan and Soliman, 2004). An investigation of real estate 
duration is of significant importance to the real estate asset pricing.  
 
Campbell and Vuolteenaho (2003), Brennan and Xia (2003) and Bansal et al. (2002) 
have tried to explain the value premium in the context of Merton’s Intertemporal 
Capital Pricing Model (ICAPM). They argue that value firms are actually riskier than 
 IX 
growth firms based on the covariance of their returns with changes in the investment 
opportunity set. Campbell and Vuolteenaho (2003) use a discounted cash flow model 
to decompose the market’s unexpected returns into news about future cash flows and 
news about discount rates. In their model, the market may fall because there is bad 
news about future cash flow or because of an increase in the discount rate. 
Importantly, in the first case, the market falls but investment opportunities stay the 
same, whereas in the second case, the market falls but further investment 
opportunities actually improve due to the higher expected returns going forward. The 
two components have different impact on long-term investors who hold the market 
portfolio. Those investors demand a higher premium to hold assets that co-vary with 
the market’s cash-flow news than to hold assets that co-vary with discount rate news. 
Therefore cash-flow beta is “bad beta” since it commands a risk premium that is 
several times larger than the (relatively) “good” discount-rate beta. Note that stocks 
with high discount-rate (which are similar to stocks with high duration) are still risky 
for a long–term investor. Campbell and Vuolteenahao (2003) only show that stocks 
with high cash-flow risk are much riskier. 
 
Campbell and Vuolteenhao (2003) find that discount-rate betas are a little greater for 
value stocks than for growth stocks, but cash-flow betas are much greater for value 
stocks than for growth stocks. The difference in the premia for each type of risk 
explains the difference between returns of value and growth stocks. For a similar 
story to justify the difference in return of high-duration and low-duration stocks, we 
would need to find that low-duration stocks (low discount-rate beta) have much 
 X 
higher cash-flow beta than high-duration stocks. Only then will their risks to 
long-term investors justify their high returns. 
 
In summary, equity duration is a thought-provoking new approach to measuring stock 
risk. The relation between equity duration and returns deepens the already famous 
asset pricing puzzle. Similarly, an exploration of real estate duration under an ex ante 
analysis is of the essence and will surely direct us to a better understanding of real 
estate investment risk and real estate asset pricing.  
 
This research however seeks to generate risk measures for direct real estate that can 
be used in real estate investment for both fundamental analysis (as it relates to leasing 
markets) and investment analysis (as it is asset related).  The real estate markets do 
have some significant degree of statistical predictability (Mei and Liu 1993, Wheaton 
and Torto 2001); it is the uncertainty associated with the anticipation of market 
outcomes, and not the inherent historical variability of the market itself, that is the 
key measure of risk. The historical variability is appropriate only in cases where the 
anticipated (future) risk is similar to what (the used portion of) the historical risk had 
been, and where the future variability does not contain a significant predictable 
element. 
 
Thus, this thesis is organized in the following manner: 
 
In Chapter one, after an introduction, it goes in detail the Research Background, 
 XI 
Research Questions, Research Objectives, Research Contribution, the Theoretical 
Framework of Analysis (TFA) and Research Hypotheses. 
 
Chapter two introduces real estate risk measurement like the traditional risk measures 
that include variance or standard deviation, the Pearson correlation coefficient, the 
beta β , skewness and kurtosis, duration and convexity, the LPM (Low Partial 
Moments), Co-LPM, and the VaR (value at risk). The advantages and disadvantages 
of these risk measures are discussed. The corresponding risk measurement fitness 
problem is also discussed while the research objective, expected results and the 
research contribution are next examined.  
 
Chapter three presents a theoretical and empirical investigation of the non-linear 
exposure measurements of direct real estate systematic risk and direct real estate total 
risk under the ex ante duration risk, the time-varying beta risk and the GARCH 
(generalized autoregressive conditional heterogeneity) risk. In this chapter, the author 
first reviews several traditional definitions and measures of direct real estate 
investment risk and then proposes a forward-looking and useful methodology, which 
uniquely and rigorously integrates the duration risk model with the direct real estate 
equivalent yield valuation model. A further empirical validation is conducted to 
estimate the direct real estate duration beta and the associated time-varying beta, 
within the context of Singapore’s real estate market that comprises the luxury 
residential, prime office and retail sectors. Consequently, the resulting modified 
 XII 
duration model is restructured to estimate the direct real estate total risk that in turn is 
assessed in comparison with the GARCH risk model.  
 
In Chapter four, a new parametric modeling of the ex ante direct real estate risk 
measure and the corresponding return estimation is discussed. While, the direct real 
estate risk modeling in Chapter three does not make any strict requirements with 
regard to the stochastic distribution of the real estate return, Chapter four’s parametric 
modeling takes the Beta distribution function to represent the direct real estate return 
distribution. Thus, Chapter four investigates the merits of a unique direct real estate 
risk-and-return estimation model, which rigorously integrates the bond 
duration-convexity concept, the Beta distribution function and the direct real estate 
equivalent yield valuation model. In such a unique model, limited information is 
provided through the lease structure of a direct real estate asset. It is imperative to 
note that no historical data is utilized while estimating the direct real estate risk and 
the direct real estate expected return via this model. Such a model offers a useful and 
innovative approach to the risk-and-return estimation of new direct real estate assets, 
which do not have past time series. Lastly, Chapter five concludes this research’s 
findings and results. In this part, implications for both theory and practice and policy 




List of Tables 
 
Table 2.1 Properties of Duration                                           36 
Table 3.1 Statistical Analysis of Prime Real Estate Sectors, Singapore             56 
Table 3.2 Summary of Normality Tests for Prime Real Estate Sectors, Singapore 57 
Table 3.3 Correlation Matrix of Duration Beta and Time-varying Regression Beta 64 
Table 3.4 Comparison of Duration Beta and Time-varying Regression Beta      65 
Table 3.5 Estimated GARCH (1, 1) Model for Total Risk, Singapore’s Real 
        Estate Market                                               67 
Table 4.1 Market values to be imputed into the model                       99 
Table 4.2 Summary of Modified Duration Simulation Results                 90 
Table 4.3 Summary of Simulation Results for Total Returns less than Target      91 
Table4.4 Results of the Probability of Total Returns < Riskless Returns from 
        Simulation                                                  93 
Table 4.5 Sensitivity Results on Modified Duration with Marginal Change in the 
        Equivalent Yield                                             94 
Table 4.6 Sensitivity Results on Modified Duration with Marginal Change in the 
        Rental Value (RV)                                            95 




List of Figures 
 
Fig 1.1 Theoretical Frame of Analysis                                   13 
Fig 1.2 The Term and Reversion Parts of the Direct Real Estate Asset Equivalent 
      Yield Model                                                 19 
Fig 2.1 Convexity and Modified Duration                                38 
Fig 3.1 Beta Estimates of the Real Estate Sectors’ Return Volatility            60 
Fig 3.2 Comparison of Duration Beta and Time-Varying Regression Beta       63 
Fig 3.3 Comparison of GARCH and Duration Measures of Total Risk          68  













       
   APPENDIX 1.1: The Mathematic Proof of Eq (1.17)…………….….113 
   APPENDIX 1.2: The Mathematic Derivation of Eq (1.29)………….115 
   APPENDIX 3.2: The Duration Betas of the Three Prime Real Estate 
Sectors……………………………………………...117 
   APPENDIX 3.3: The Time Varying Betas of the Three Prime Real Estate 
Sectors………………………………………………121 
   APPENDIX 4.2: The MATLAB Program for the “Harry Potter” 
Sub-Model…………………………………………..124 
   APPENDIX 4.3: Screen Shot of the Main Aspects of the Duration-Risk 
Model………………………………………………..127 
   APPENDIX 4.4: Market Data by JLL…………………………………128 
   APPENDIX 4.5: Calculations for Current Income and Its Range……..132 
   APPENDIX 4.6: Treasury Bill Rates from SGS……………………….133 
   APPENDIX 4.7: Hong Kong Exchange Fund Bill Rates………………134 
   APPENDIX 4.8: Crystal Ball Simulation Report for Raffles…………..135 













Real estate assets such as office buildings and shopping centers play an important role in the real 
estate portfolios of institutional investors, although they may well consist of just a small part of 
such portfolios1. There are more institutional investors holding the view that real estate assets 
should form an increasing share in their overall investment portfolios2. Compared with the 
publicly traded securities, such as equities (common stocks) and bonds, which make up the vast 
majority of most institutional investor’s investment portfolios, real estate assets differ markedly in 
key respects. While common stocks and bonds are liquid and continuously traded, thereby 
making their market values readily observable, real estate assets are illiquid and sporadically 
traded, thereby making real estate market values rather difficult to observe. As for the publicly 
traded securities, there are well-established time series of returns that can be utilized in the 
estimation of the expected (future) risks and returns. However, this is not the case for new 
products in the direct real estate investment markets. Owing to limited empirical data availability, 
an ex ante measurement and the modeling of direct real estate investment risk would be 
significant and can offer promising scholarly investigative research in real estate finance, 
particularly in such areas as the direct real estate expected return estimation, REITs (Real Estate 
                                                        
1 See Campbell and Viceira (1999) and Ross and Zisler (1991) etc. 
2 Chun et al (2004) state that institutional investors were to invest more in real estate (up to 12 
percent of their assets), they should be able to eliminate non-market or unique risk, while in 
practice institutional investors hold only between 2 and 3 percent of their assets in real estate. See 
also Shoven and Sialm (1998); Ibbotson and Siegel (1983) etc. 
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Investment Trusts) asset pool pricing, asset allocation, portfolio management, risk monitoring and 
performance measurement. 
 
Investors in real estate, public or private, equity or debt, do evaluate their risk-adjusted returns 
in the pursuit of specific goals. More often the overall approach in practice is to anticipate 
direct real estate investment returns and not the risk-adjusted investment returns3. The reality 
that practice focuses on returns and not risk-adjusted returns is not because the real estate 
investor has not read finance theories but because of the lack of appropriate risk measures. In 
conformity with modern portfolio theory, the measurement of real estate risk should reflect an 
investor’s ex ante expectations, rather than focus on what has happened in the past. Historic 
measures of risk are merely helpful in forecasting expected risk under set scenarios. In 
modeling real estate risk, it should not be measured in function of what happened (i. e., actual 
past volatility) but in function of what might have happened and its probability. Hence, it is 
important to conduct an investigative research on the ex ante measurement and modeling of 
direct real estate investment risk. 
 
Dechow, Sloan and Soliman (2004) extend the traditional measure of bond duration to the equity 
analysis and develop an algorithm for the empirical estimation of implied equity duration. It 
shows equity duration represents an important common factor in stock returns; the 
book-to-market factor advocated by Fama and French (1993) acts as a noisy proxy for an 
underlying duration factor. Equity duration measure captures the risks of stocks and helps explain 
the cross section of returns4 (Pedro 2004; Dechow, Sloan and Soliman 2004). An investigation of 
real estate duration is of significant importance to real estate asset pricing.  
                                                        
3 See Ibbotson and Siegel (1994), Wheaton et al (2001). 
4 One reductionism way to view such equity duration measurement in Dechow, Sloan and 
Soliman (2004) is that it is a composite of the firm’s characteristics such as the firm’s book value 
of equity, market value of equity, sales and earnings. See Pedro (2004). 
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Campbell and Vuolteenaho (2003), Brennan and Xia (2003) and Bansal et al. (2002) have tried to 
explain the value premium in the context of Merton’s Intertemporal Capital Pricing Model 
(ICAPM). They argue that value firms are actually riskier than growth firms based on the 
covariance of their returns with changes in the investment opportunity set. Campbell and 
Vuolteenaho (2003) use a discounted cash flow model to decompose the market’s unexpected 
returns into news about future cash flows and news about discount rates. In their model, the 
market may fall because there is bad news about future cash flow or because of an increase in the 
discount rate. Importantly, in the first case, the market falls but investment opportunities stay the 
same, whereas in the second case, the market falls but further investment opportunities actually 
improve due to the higher expected returns going forward. The two components have different 
impact on long-term investors who hold the market portfolio. Those investors demand a higher 
premium to hold assets that co-vary with the market’s cash-flow news than to hold assets that 
co-vary with discount rate news. Therefore cash-flow beta is “bad beta” since it commands a risk 
premium that is several times larger than the (relatively) “good” discount-rate beta. Note that 
stocks with high discount-rate (which are similar to stocks with high duration) are still risky for a 
long–term investor. Campbell and Vuolteenahao (2003) only show that stocks with high 
cash-flow risk are much riskier. 
 
Campbell and Vuolteenhao (2003) find that discount-rate betas are a little greater for value stocks 
than for growth stocks, but cash-flow betas are much greater for value stocks than for growth 
stocks. The difference in the premia for each type of risk explains the difference between returns 
of value and growth stocks. For a similar story to justify the difference in return of high-duration 
and low-duration stocks, low-duration stocks (with low discount-rate beta) should have much 
higher cash-flow beta than high-duration stocks, for which risks to long-term investors justify 
their high returns. 
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In summary, equity duration is a thought-provoking new approach to measuring stock risk. The 
relation between equity duration and returns deepens our understanding of the famous size and 
value premium puzzles. While there is more research into the application of duration to equities, 
very few studies have examined the duration of commercial real estate. Hence, an exploration of 
real estate duration under an ex ante analysis is should direct us to a better understanding of real 
estate investment risk and real estate asset pricing.  
 
This research seeks to generate risk measures for direct real estate that can be used in real estate 
investment for both the real estate fundamental analysis (as it relates to the leasing markets such 
as rental income) and investment analysis (asset related, such as real estate asset return). The real 
estate markets do have some significant degree of statistical predictability5; it is the uncertainty 
associated with the anticipation of market outcomes, and not the inherent historical variability of 
the market itself, that is the key measure of risk (Wheaton et al 2001). The historical variability is 
appropriate only in cases where the anticipated (future) risk is similar to what (the used portion of) 
the historical risk had been, and where the future variability does not contain a significant 
predictable element. 
  
Thus, this thesis is organized in the following manner: 
 
In Chapter one, after an introduction, it goes in detail the Research Background, Research 
Questions, Research Objectives, Research Contribution, the Theoretical Framework of Analysis 
(TFA) and Research Hypotheses. 
 
                                                        
5 Chun et al (2000) reveal real estate return is predictable. The amount of predictability in real 
estate returns is almost the same in stock returns. See also Mei and Liu (1992), Wheaton and 
Torto (2001). 
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Chapter two introduces real estate risk measurement like the traditional risk measures that include 
variance or standard deviation, the Pearson correlation coefficient, the betaβ , skewness and 
kurtosis, duration and convexity, the LPM (Low Partial Moments), Co-LPM, and the VaR (value 
at risk). The advantages and disadvantages of these risk measures are discussed. The 
corresponding risk measurement fitness problem is also discussed. In the end of this chapter, 
literature review on the real estate duration and equity duration is made.  
 
Chapter three presents a theoretical and empirical investigation of the non-linear exposure 
measurements of direct real estate systematic risk and direct real estate total risk under the ex ante 
duration risk, the time-varying beta risk and the GARCH (generalized autoregressive conditional 
heterogeneity) risk. It first reviews several traditional definitions and measures of direct real 
estate investment risk and then proposes a forward-looking and useful methodology, which 
uniquely and rigorously integrates the duration risk model with the direct real estate equivalent 
yield valuation model. A further empirical validation is conducted to estimate the direct real estate 
duration beta and the associated time-varying beta, within the context of Singapore’s real estate 
market that comprises the luxury residential, prime office and retail sectors. Consequently, the 
resulting modified duration model is restructured to estimate the direct real estate total risk that in 
turn is assessed in comparison with the GARCH risk model.  
 
In Chapter four, a new parametric modeling of the ex ante direct real estate risk measure and the 
corresponding return estimation is discussed. However, comparatively the direct real estate risk 
modeling in Chapter three does not make any strict requirement of the real estate return 
distributions, Chapter four’s parametric modeling takes the Beta distribution function to represent 
the direct real estate return distribution. Thus, Chapter four investigates the merits of a unique 
direct real estate risk-and-return estimation model, which rigorously integrates the bond 
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duration-convexity concept, the Beta distribution function and the direct real estate equivalent 
yield valuation model. In such a unique model, limited information is provided through the lease 
structure of a direct real estate asset. It is imperative to note that no historical data is utilized 
while estimating the direct real estate risk and the direct real estate expected return via this model. 
Such a model offers a useful and innovative approach to the risk-and-return estimation of new 
direct real estate assets, which do not have past time series.  
 
Lastly, Chapter five concludes this research’s findings and results. In this part, implications for 
both theory and practice and policy are briefed together with research limitations and implications 
for further research in the end. 
 
 
1.2 Research Questions 
 
Like investors in the bond, stock markets, the real estate investors are in pursuit of higher return 
subject to a certain risk level. However, in reality, real estate investors focus on returns but not 
risk-adjusted returns6. This is not because the real investors have not read finance theory, but 
because there is a lack of appropriate risk measures, especially for the newly built and sparsely 
transacted properties where past time series data is not available. Hence, an understanding of the 
risk behavior in direct real estate investment is of high priority for investors. What is the risk 
pattern of a direct real estate asset (or sector)? Does a higher expected return result from higher 
risk? In the lack of past time series of the newly built or rarely transacted properties, is it possible 
to make use of the information available in the market to investigate their risk pattern or even 
generate an accurate estimation of their risk and return while from an ex ante perspective? 
                                                        
6 See Ibbotson and Siegel 1994, Wheaton et al 2001. 
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Theoretical and empirical research7 shows that equity duration represents an important common 
factor in stock returns; the book-to-market factor advocated by Fama and French (1993) acts as a 
noisy proxy for an underlying duration factor. Equity duration measure captures the risks of 
stocks and helps explain the cross section of stock returns. Can the duration measure of direct real 
estate investment assets capture the risks of the real estate investment? Answering these questions 
offers good potential in a number of areas such as real estate expected return estimation, asset 
allocation, portfolio management, risk monitoring and performance measurement and will fill a 
knowledge gap concerning the pricing of the direct real estate. 
 
In the direct (private) market, the absence of a transparent marketplace leads to asymmetric 
information and the absence of transaction-based data. Reported returns are frequently based on 
appraisals of value rather than sales information. This has important implications for the 
modeling of returns distributions. Young and Graff (1996) and Liu et al. (1992) propose that real 
estate is not normal and their findings broadly confirm those of Miles and McCue (1984) and 
Hartzell et al. (1986) who find evidence of non-normality in terms of skewness and kurtosis, and 
Myer and Webb (1994) who provide evidence of non-normal kurtosis and autocorrelation in 
direct (private) real estate returns. 
 
Myer and Webb (1993) analyze quarterly returns from a small sample of REITs over the period 
1978-1990 and they find that individual REITs have significant skewness and kurtosis and are 
non-normal by at least one of the normality tests employed, while a composite index of REITs 
shows no evidence of non-normality. Lizieri and Satchell (1997) propose a log normal 
distribution for the monthly property company returns in the UK between 1972 and 1992. Sieler 
et al. (1999) examine the return distributions of equity real estate investment trusts (EREITs) for 
                                                        
7 See Pedro (2004), Dechow et al (2004), Campbell and Vuolteenaho (2003), Brennan and Xia 
(2003) and Bansal et al. (2002). 
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quarterly data from 1986 to 1996. The Kolmogorov-Smirnov, Shapiro-Wilks and Lilliefors tests 
generally reject normality, despite the small number of observations. By sector, Office REIT 
returns appear the least normal, while the tests do not reject normality for Industrial REITs. The 
office returns are characterized by very high volatility, a low mean return and positive skewness. 
Comparative figures for the direct market show office property returns exhibiting negative 
skewness, a disturbing contradiction. As with Myer and Webb (1993), comparative direct market 
returns are shown to be non-normal. 
 
In conclusion, the real estate return distribution is much illusive and will be changing with 
different types of real estate investment, sectors of real estate market, and even intervals of return 
measurement. An investigation of an appropriate real estate return distribution is critical for the 
direct real estate investment risk behavior exploring, which consists of one of my research 
questions in this study. Answering this question will lead to a better understanding of the risk 
behavior and shed light on the pricing of underlying direct real estate assets consisting of a 
mortgage asset pool. 
 
 
1.3 Research Objectives 
 
The Four main objectives of this research consist of the following: 
 
• To rigorously model an ex ante risk measure of the direct real estate systematic risk and 
the direct real estate total risk, in terms of the non-linear exposure to movements in the 
direct real estate yield; 
 
• To carry out an empirical validation in order to estimate the direct real estate duration 
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beta and the time-varying beta, within the context of Singapore’s real estate market that 
comprises the luxury residential, the prime office and the retail sectors; 
 
• To restructure the resulting and ex ante direct real estate modified duration model in 
order to estimate the direct real estate total risk, which in turn is assessed in comparison 
with the GARCH (generalized autoregressive conditional heterogeneity) risk model; 
 
• To model a unique direct real estate risk-and-return estimation that integrates the bond 
duration-convexity concept, the Beta distribution function and the direct real estate 
equivalent yield valuation model. Limited information is being provided through the 
lease structure of a direct real estate asset, and no historical data is utilized. 
 
 
1.4 Research Contribution 
 
Several original research contributions are duly noted in this study. To overcome the limited data 
availability for direct real estate investments and the poor quality (i.e. the temporal lagging error) 
of appraisal-based real estate return data, the investigative research proposes a unique ex ante 
modeling of direct real estate risk. To investigate such ex ante modeling, this research makes use 
of well-defined financial theory (viz. the duration and convexity together with the CAPM model) 
through combining the specific direct real estate equivalent-yield valuation model. The achieved 
ex ante direct real estate investment risk model provides a meaningful insight on direct real estate 
investment risk behavior under a modified duration model. Further modeling of other real estate 
investment risks like the low partial moment (LPM), the systematic risk, the total risk and the 
GARCH risk are explored on the basis of the modified duration model. In addition, an empirical 
validation is conducted in order to estimate the direct real estate duration beta and the 
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corresponding time-varying beta but within the context of Singapore’s real estate market, which 
comprises the luxury residential, prime office and prime retail sectors. Consequently, the 
resulting modified duration model is restructured in order to estimate the direct real estate total 
risk that in turn is assessed in comparison with the GARCH risk model. These models are 
dynamic partial equilibrium models, and are consistent with the modern general equilibrium 
theory, and extend beyond the single-factor capital asset pricing model and the multi-factor 
arbitrage pricing model for common stocks, which both are general equilibrium pricing models.  
 
The subsequent empirical analysis shows that the modified duration, which is often used in the 
price analyses of fixed-income assets (i.e. bonds) and common stocks, has the potential of being 
uniquely modified to obtain the direct real estate duration model for a real estate sector or its 
wider real estate market. The direct real estate duration model can then be structurally modeled in 
order to estimate the return volatility of a direct real estate asset (or sector) relative to its real 
estate market, i.e. the real estate sector’s systematic risk, as well as the particular real estate 
sector’s or market’s total risk. The direct real estate duration model can even be based on 
information readily available and known to the valuer. No past time series data is involved. Thus, 
the direct real estate duration model offers good potential in several areas like estimating the 
direct and expected real estate returns, the direct real estate asset allocation, direct real estate risk 
monitoring and performance measurement. 
 
From a corresponding in-depth empirical investigation of the prime real estate sectors of 
Singapore and utilizing the JLL REIS-Asia data set, the derived duration betas for the prime 
office sector and the prime retail sector are on the whole very stable, relative to the prime luxury 
residential sector. Furthermore, the negative correlation between the duration beta of the prime 
retail and office sectors highlights the importance of diversification for a long-term investment in 
these two prime sectors.  
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As for the direct real estate systematic risk, this research compares the direct real estate duration 
beta estimates with the corresponding time-varying beta regression estimates for each of the three 
prime real estate sectors. Except for the prime office sector, both the duration beta and the 
time-varying beta profiles follow the same general trend. In general, the luxury residential sector 
and the prime office sector are inclined to move in opposite direction in terms of both the two 
different beta measurements, which has a significant meaning in real estate asset allocation. 
However, the prime office sector shows greater volatility in the duration beta compared with the 
time-varying beta. This may imply that investors are expecting greater volatility in expected 
returns than is realized in the historic returns. Nevertheless, the two beta measurements take an 
opposite trend for the prime retail sector. Empirically the time-varying beta of this sector shows 
greater volatility than its associated duration beta and tends to be overstated when compared with 
the duration beta.  
 
The total risk of the wider Singapore real estate market is estimated under both the direct real 
estate asset total risk duration model and the GARCH risk model. It is readily observed that the 
period after 1995 shows a strong positive correlation between the direct real estate asset total risk 
duration model and the GARCH risk model. However, prior to 1995, the correlation is weak. The 
difference may well be attributed to the nature of the risk measurement itself because the two 
models measure what investors expect and what is realized respectively. Since May 1996, the 
introduction of the Singapore government’s anti-speculation policy to deter speculation in the real 
estate market, has contributed a significant part to a declining trend in the duration measure of the 
real estate market total risk for Singapore. 
 
In the integrated risk-and-return estimation model, limited information is provided through the 
lease structure of a direct real estate asset. No historical data is utilized while estimating the direct 
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real estate risk and the expected return via this model. Such a model offers a useful and 
innovative approach to the risk-and-return estimation of new direct real estate assets, which do 
not have past time series. This model demonstrates that in the presence of a set of limited 
available information comprising a direct real estate asset’s passing (annual) rent, the current 
rental value, the expected yields and the yield-growth movements from a real estate market 
analysis conducted by a real estate consultancy or service provider, the risk-free rate and the lease 
maturity period, it is readily feasible to model and rigorously estimate several key risk measures 
as well as the expected returns. They can be achieved through an ex ante integrated direct real 
estate risk-measure model that innovatively combines the bond duration-convexity risk 
conception, the Beta distribution function and the direct real estate equivalent (rental) yield 
valuation conception. The integrated risk-measure model findings, conducted under the structured 
Monte Carlo simulation but without the Beta distribution sub-model, the “Harry Potter” 
computable program, would suggest that higher risks do not necessarily result in higher total 
returns. Although the levels of total return among the four prime office markets of Raffles 
(Singapore), Shenton (Singapore), Central (HK) and Wan Chai (HK), do differ slightly; the 
associated level of risk appears to differ to a greater extent. 
 
The distinct advantage of the complete and ex ante integrated risk-measure model over other 
traditional models for the direct real estate risk measures is that no past time-series data is 
involved. Such a model can readily model and estimate the key risk measures and the expected 
returns of the new direct real estate assets, which do not have historical data. In addition, the 
resulting model estimation of several key risk measures built into the ex ante integrated model 





1.5 The Theoretical Framework of Analysis (TFA)  
 
The theoretical framework of analysis (TFA) is depicted in Fig 1.1 and can be broadly divided 
into two parts. The first part is concerned with key risk measurement and structural modeling 
in terms of the direct real estate systematic risk modeling, while the second part is concerned 
with the parametric modeling of a unique and rigorous ex ante direct real estate risk measure 
and return estimation. Thus, the first part of the theoretical framework of analysis covers the 
following: 
 
¾ The modified duration Model, the direct real estate duration and the direct real estate 
return volatility relative to a market index; 
¾ The direct real estate time-varying beta model; 
¾ The direct real estate asset total risk estimation under the duration and GARCH Models. 
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(Source: author, 2007) 
 
The second part of the theoretical framework of analysis only covers the following: 
¾ The duration-convexity conception; 
¾ The lower and co- lower partial moment (LPM) risks; 
¾ The value at risk (VaR) risk. 
 
The TFA concludes with its findings and results for enhancing the risk management of direct real 
estate portfolios in relation to ex ante risk-measure modeling, structural risk modeling and return 
modeling. 
 
The Modified Duration Model 
 
Duration (Dt) is frequently used in the bond market to match asset liabilities. It measures the 
sensitivity of the value of an asset to changes in the interest rate. It is firstly developed by 
Macaulay (1938) and formulated as follows: 












−=×                   (1.1) 
 
Where, 
      Vt : the value of the asset at time t; 
dyt : the change in discount rate at time t.  
 






− ， is referred to as the 
modified duration Dt*. Rearranging the formula, the asset value’s growth rate is obtained in 
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dV ∗−=                      (1.2) 
 
The Real Estate Return Volatility Relative to a Market Index   
 
The anticipated rate of return of a real estate asset (property) j over a short period can be 
initially expressed as9: 
 






++=                     (1.3) 
, where ajt: the initial income at time t; 
 Vjt: the real estate asset value at time t; 
      dVjt: the anticipated change in value at time t. 
 






R *1 −+=                 (1.4) 
Based on the data for the later empirical analysis, the variance of the term ajt /Vjt a is very 
small, for the capital value of the real estate asset, Vjt , is much larger comparing with its initial 
income ajt,. As we can see later in the data, the variance of ajt /Vjt for the Singapore prime 
office, prime retail, luxury residential sectors (which consist of our research data) and the 
weighted real estate market are respectively 0.0083%, 0.0090%, 0.0090% and 0.0088%. Thus, 
the variance of the term, ajt/Vjt, can be neglected in the calculation of the variance of jtR . 
                                                        
8 The link between the bond price volatility and duration is firstly developed by Fisher (1966) 
and Hopewell and Kaufman (1973) later extended its discrete form. 
9 This anticipated rate of return is estimated similarly as the anticipated rate of return on a 
default-free bond over a short interval, for further details, see Livingston (1978). 
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Hence, the variance of the stochastic variable jtR equals to the variance of the product of two 
stochastic variables Djt* and jtdy , which are correlated. When one or both of the coefficients of 
variation of the two stochastic variables are relatively small, the usual approximate formula 
for the variance of the product of the two stochastic variables X and Y, Var(X*Y) is as 
follows10: 
 2)]^([*)(2)]^([*)()*( XExpYVarYExpXVarYXVar +=          (1.4a) 
Since the coefficient of the variation of jtdy is relatively small for all the three real estate sectors 
(i.e. the Singapore prime office, prime retail and luxury residential sector, details please see the 
data in Chapter three.) and weighted real estate market, we can take this approximate formula to 
measure the variance of jtR . Therefore: 
           2)]^([*)(2)]^([*)()( *jtjtjtjtjt DExpdyVardyExpDVarRVar +=    (1.4b) 
With a further investigation of the data, the author find the mean square of jtdy  for the Singapore 
prime office, prime retail, luxury residential and the weighted real estate market are almost trivial 
( respectively 0.007066%, 0.0025%, 0.000038% and 0.000438%) comparing with their respective 
duration mean square (which are around 100 ~ 900 for the duration mean is around 10~30 years). 
In the calculation of the variance of jtR , we can neglect the first part of the right hand side of eq 
(1.4b). So we further get 2)]^([*)()( *jtjtjt DExpdyVarRVar = . When calculating the 
variances of jtR and jtdy and the expectation of 
*
jtD , we take the moving average and the 
measurement of duration is in an expectational form. For simplicity in notation, we get that at time 
t, the variance of jtR  in Equation (1.4): 
)()( 2* jtjtjt dyVarDRVar =              (1.5) 
A similar expression also exists for the variance of an index of real estate market movements 
                                                        
10 On the exact variance of stochastic variables, please see Goodman (1960). 
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Rmt such that   
)()()( 2* mtmtmt dyVarDRVar =             (1.6) 
The single index model suggests that the volatility of an investment relative to an index can be 







    (1.7) 






RRRR σσρβ =                     (1.8) 
























σρβ =          (1.10) 
 
Eq (1.10) shows that the duration can play a theoretical role in determining the risk of a direct 
real estate asset investment and provides a rationale for non-stationarity of betas. According to 
eq (1.10), the volatility of a direct real estate asset relative to a real estate market index is 
made up of two components. The first component is the modified duration of the property (i. e. 
the real estate asset) divided by a similar duration term for the real estate index (market 
duration). The second component is the covariance of changes in the equivalent yield of the 
direct real estate asset relative to the changes in the real estate market yield. This latter 
expression can also be interpreted to be the volatility of changes in the real estate yield. So, 
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* ββ =                 (1.11) 
Note that equation (1.11) provides an estimate of jtβ  that is measured relative to a real estate 
market index. The justification for this approach is that real estate investors are frequently 
concerned about how well their portfolios perform relative to the real estate market. Via eq 
(1.11), we can estimate the volatility of the real estate asset (or sector) return relative to the 
market that is useful in the performance measurement of the direct real estate portfolio. If the 
real estate index represents a reasonable proxy for the whole real estate market, and assuming 
equilibrium conditions, then there would be a linear relationship between the expected risk 
premium for both the real estate market and the market portfolio. This would imply that 
equation (1.11) can be used to estimate the real estate systematic risk within a capital market 
framework. 
 
The advantage of equation (1.11) in estimating the volatility of the real estate (or sector) return, 
relative to the market, is that it does not rely on a time series of historical data, and can be 
expressed in expectation form. As the duration is estimated from available data, the volatility 
of a real estate asset (or sector) can be readily estimated whenever a valuation is undertaken.  
 
Estimation of the volatility of the real estate (or sector) return, relative to the market, via 
equation (1.11), offers us some meaningful insights. Equation (1.11) reveals that the β  of a 
direct real estate asset’s return depends on the relative size of the duration of the direct real 
estate asset and the real estate market as well as the volatility of changes in the real estate 
yields. The importance of the latter implication is well observed in the valuation of an over 
rented real estate asset within the context of the United Kingdom (UK) practice. In this 
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instance, a valuer may well argue that over an agreed time horizon, there would be changes in 
the market yield appropriate to the real estate asset so that the covariance between yield 
changes would be close to zero. As a result, βj is also close to zero even though the respective 
durations take on positive values. The inference of this result is that in a capital market 
framework, the appropriate discount rate at which to value the real estate asset should be close 
to the risk free rate of return. In practice, we see over-rented properties being valued using the 
return on long-term government bond in 1990s in UK.  
 
The Direct Real Estate Duration & Its Measurement 
 
To use equation (1.11), the estimation of the duration of a direct real estate asset is 
prerequisite. Based on equation (1.2), the modified duration of the direct real estate asset j at 





D 1* ×=−               (1.12) 
The direct real estate asset value, Vjt, can be estimated from the present value of the typical 
term and reversion freehold valuation model. The ‘typical term’ is represented by an initial 
income stream, ajt, that is fixed for n years at which time it is reviewed to the open market 
yield value, RVjt. The present value is found by discounting at the equivalent yield, yjt. Fig 1.2 
depicts the equivalent yield model for a direct real estate asset in two parts. The first part 
consists of the current annual rental income ajt for n years until the next rent review. The 
second part occurs at the next rental review when the annual rental income is replaced by the 
current estimate of rental value, RVjt, which is then assumed to remain constant in perpetuity. 


































−+=                     (1.14) 
 
Equation (1.14) takes a non-linear form and is known as the real estate equivalent yield model, 
which is the most common method used for valuing the commercial real estate asset (i.e. 
property) and for analyzing current transactions. The equivalent yield in eq (1.14) is usually 
lower than the risk adjusted return, reflecting the fact that there is growth in the income stream. 
In this model the equivalent yield as a discount rate for the expected cash flow incorporates 
the specific risk characteristics of the real estate asset, such as the lease term, rental growth, 
the physical condition and even the investor’s expectation of the economy such as inflation 
expectation, forecasts of economy, and expected depreciation. 
 
While using the real estate equivalent yield model, it is the UK practice and throughout many 
of the British Commonwealth countries, including Singapore, to set RVjt equal to the current 
rental value even though it arises n periods in the future. The equivalent yield incorporates 
readily available information that is expressed in current day terms. In a market that is yield 
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driven11, it may well be reasonable to assume that most valuers are familiar with equivalent 
yields, and the equivalent yields embody adequate information with respect to the lease 
structure of individual real estate assets, together with the expectations of rental value growth 
and expected returns.  
 
It should be firstly noticed that although equation (1.14) can be shown to be misspecified12 in 
economic terms, there is no guarantee that it would produce valuations that differ from a 
model that explicitly allows for growth in rental values. The choice of the yield in these 
models is vital.  Because of the importance of the direct real estate equivalent yield, valuers 
are interested to know by how much a small change in the yield can affect capital value. It is 
thus appropriate to examine the duration of a direct real estate asset relative to changes in the 
equivalent yield.  
 
























−−−=      (1.15) 





















































−+=     (1.16) 
                                                        
11 In a market that is not just yield driven, where asset value change is significant, the change of 
the equivalent yields also captures these asset value variances and thus make this measurement 
still viable.  
12 Misspecification arises when we set RVjt equal to the current rental value for economic 
inconsistencies. However, economic deficiencies in the model, as well as differences in the lease 
structure, are accommodated in the choice of equivalent yield. There are widely publicized 
equivalent yields with property transactions and at the index level, time series of equivalent yields 
are also readily available and form an important part of published information for real estate, for 
this reason, the equivalent yield model is the most common approach used to value property. 
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Noting that for a fully rack-rented13 real estate asset in which the rental value, RVjt, is equal to 




D 1* =                                 (1.17)14 
An alternative approach to better understand eq (1.12) and eq (1.17) is to consider a perpetual 
floating-rent contract that provides for an initial net rent or cash flow of NR0, and is being 
continuously adjusted to fully reflect changes in the level of market rents. A similar duration 
under the Dividend Discount Model can be obtained. Suppose that the level of market rent 
grows at an average rate of g% p.a. Let k denote the risk-adjusted discount rate that is 
appropriate for discounting the expected cash flows. The present value, P, of the cash flows 
for a perpetual floating-rent contract is defined in eq (1.17a). 
 
       ∫∫ ∞ −−∞ − −=== 0 0)(00 )( gkNRdteNRdteNRP tgkktt        (1.17a) 
 
This is the Gordon-Sharpiro model modified for a direct real estate cash flow stream. We can 
further express the total differential of the price as a function of instantaneous changes in the 






NRP Δ−Δ−−=Δ                       (1.17b) 
                                                        
13  Rack-rent is originally a rent which a property would command in a free market. It is the 
highest amount that can be paid for land from labor’s production that will enable him to survive 
(and reproduce). Even as new skills and techniques are adopted, and innovative technology is put 
to work, so will rack-rent rise, swallowing the lion’s share of the product. For a fully rack-rented 
property, where the passing rent equals the rental value, valuers would value the income stream 
until the review date as an annuity, and would capitalize the increase in rent in perpetuity at the 
equivalent yield. 





















= The instantaneous rate of price change for a direct real estate asset; 
kΔ = Change in the discount rate; 
gΔ = Change in the expected growth rate of net real estate market rents; 




DDDM the duration under the dividend discount model. 
 





DDDM −= , is essentially consistent with eq (1.17), with the latter 
expression incorporating the expected growth rate of the direct real estate market net rents, g , 
and its change, gΔ , however, in the instance of a fully rack-rented and direct real estate asset, 
the capitalization factor (or year’s purchase),
jty
1
, is equivalent to the modified duration. It is 
thus implicit that a 1% shift in yields should result in a change in capital value that is 
approximately equal to the duration. Such an implicit relationship is approximate because the 
modified duration model for the fully rack-rented and direct real estate asset assumes that as 
the direct real estate yields change, the change in capital value is linear. In reality, however, 
this implicit relationship is curvilinear. In the case of a fully rack-rented real estate asset, the 
capitalization factor (or year’s purchase) is equivalent to the modified duration. It is therefore 
implicit that a 1% shift in yields should result in a change in capital value that is 
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approximately equal to the duration. The relationship is approximate because the duration 
model assumes that as the real estate yields change, the change in capital value is linear. In 
reality, however, this relationship is curvilinear. To illustrate for clarity, consider the value of 
US$1 capitalized in perpetuity at 6.5% p.a.  The capital value of US$ 1 in perpetuity is 
US$15.38 and the duration, resulting from equation (1.17), is 15.38 years. If the direct real 
estate yield drops by 1% to 5.5%, then the capital value of US$1 in perpetuity would be 
US$18.18, i.e. an increase of 18.22% over the original capital value that is more than the value 
of the duration derived from equation (1.17). However, if the direct real estate yield increases 
by 1%, then the capital value would drop to US$13.33, with a drop in value of 13.31% that is 
less than the value of the duration. The average of these two changes at 15.76% is much closer 
to the percentage of change, implied by the duration of 15.38 years. Although it is possible to 
compensate for these changes by taking into consideration the convexity of the value-yield 
curve, this chapter’s interest in volatility is concerned more with the relative change in 
duration so that accounting for convexity may not make a substantial difference to the overall 
estimation. 
 
It should be secondly noticed that equation (1.12) and equation (1.13) are essentially not only 
non-linear but also distribution free (i.e. non-parametric). On the contrary, the well known 
stochastic behavior of the fixed-income asset value as well as the market-wide interest rate 
(and not the direct real estate yield) is best understood in terms of two differential equations, 
namely, equation (1.18) and equation (1.19) below that are defined by the “randomized” 
standard Wiener process. 
 
      i.e.     rrr dZtVrdttVrdr ),,(),,( σμ +=       (1.18) 
              VVV dZtVrdttVrdV ),,(),,( σμ +=          (1.19) 
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With  
              dttVrdZdz Vr ),,(ρ=                  (1.20) 
, where V represents the fixed-income asset value while r represents the market-wide interest 
rate. The first stochastic process in equation (1.18) indicates that the market-wide interest rate 
is expected to change at any time t at the rate ),,( tVrrμ  but the actual changes differ in an 
unbiased way because of the normally distributed, serially uncorrelated disturbances to the 
economy (this is the role of the Wiener Process term rZ ). The volatility of these disturbances 
is captured by the instantaneous standard deviation ),,( tVrVσ . The interpretation of the 
fixed-income asset value process in equation (1.19) is similar, where the disturbances to the 
asset value may be correlated to those of the term structure through ),,( tVrρ , where 
),,( tVrρ  should be positive or negative depending on whether nominal or real forces 
dominate, respectively. 
 
Furthermore, under option pricing theory, a direct real estate asset ),,( tVrX  can be valued 
through the adjusted and expected present value, as expressed in equation (1.21). 
}]),(),({[),,(
)(∫= − dssrTteTTVTXEtVrX )       (1.21) 
, where the hat symbol on the expectation operator E reflects the risk-adjusted process, as 
defined in equations (1.22) and (1.23): 
             rrrrr dZdtdr σσλμ +−= )(             (1.22) 
and  
             VVVV dZdtdV σσλμ +−= )( V             (1.23) 
, where rλ and Vλ denote the market prices of risk for the interest rate and capital value 
respectively. In the instance where the real estate sector is a traded asset and has a rental 
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rate ),,( tVrS , then the principle that the economy appears to be risk neutral after adjustment 
would imply that the adjusted and expected return to the direct real estate asset must be simply 
the risk-free rate r, i.e. 
           rtVrSV
VVV =+− ),,()( σλμ                     (1.24) 
This, together with rλ = 0, would give the final equation forms: 
           rrr dZVrdtVrdr ),(),( σμ +=             (1.25) 
 and 
          VV dZVrVdtVrSrdV ),()],([ σ+−=       (1.26) 
 
In the above option-pricing model, the direct real estate capital value and market-wide interest 
rate are to strictly follow the Wiener process. However, in this chapter, it is not assumed that 
the direct real estate capital value and the direct real estate yield would follow any specific 
distribution - be it a normal distribution, a lognormal distribution or any other functional 
distribution. An augmented duration model is thus introduced in this chapter in order to 
measure the direct real estate systematic risk and the direct real estate total risk, in the form of 
the non-linear exposure to movements in the direct real estate yields at the individual asset, 
sector or market levels, through an ex ante and modified fixed-income duration model in 
combination with the direct real estate equivalent-yield valuation model. In this model, limited 
information is being provided through the lease structure of a direct real estate asset. This 
chapter thus investigates the modification of the fixed-income duration in order to measure the 
return volatility of a direct real estate asset, for e.g. a completed office building, or a sector 
relative to the wider real estate market, and then to measure the corresponding total risk of that 
direct real estate asset or sector. 
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The Direct Real Estate Asset Total Risk Duration Model 
 
In a duration model, a linear relationship is presumed between changes in both the fixed-income 
asset value and the market-wide interest rate. For large changes in the interest rate, the model 
does not accurately reflect changes in value, and such changes can be reflected through the 
convexity concept. However, by writing the change in the capital value of the direct real estate 


















dV +=              (1.27) 
Dividing through by Vjt and substituting Djt* for the modified duration and Cjt for convexity, 









dV +−=              (1.28) 






















dV +−=                 (1.29)15 
 
Taking convexity into consideration may improve our calculations and knowing the distribution 
of the direct real estate yield changes, it would be possible to simulate a distribution for the 
percentage change in value. However, the main concern in looking at convexity is in the effect 
                                                        
15 Please refer to Appendix 1.2 for details on the derivation of this formula. 
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that it could have on the direct real estate total risk. This is imperative for large changes in the 
direct real estate yield. However, the average change in the yield for the Singapore real estate 
market is only -0.21% per quarter. With such a small value, the effect of convexity only 
influences the third decimal place in the growth calculations. As long as the direct real estate 
yield changes are relatively small, then it is likely that convexity would not have a great influence 
on the estimate of direct real estate total risk, and can thus be ignored. To provide an estimate of 
the total risk, a further assumption is that the direct real estate asset is fully rented so that the 
current income is equal to the rental value. Given these simplifications for practical purposes, the 
direct real estate total risk is expressed as: 
)(*)()( 2 jtjtjt dyVarDgVar =                   (1.30) 
, where )( jtgVar  is the variance of the capital value growth. Equation (1.30) shows that the 
volatility of the direct real estate yields is an important component in explaining the direct real 
estate total risk changes. If changes in the direct real estate yields were always close to zero, then 




1.6 Research Hypotheses 
 
As a result, the research hypothesis can be defined as follows: 
 
Research Hypothesis One - The direct real estate systematic risk and the direct real estate total 




Research Hypothesis Two - The direct real estate risk and its corresponding return for a new and 
direct real estate asset is a function of the bond duration-convexity conception, the Beta 






CHAPTER TWO  
 
REVIEW OF RELATED LITERATURE 
 
 
2.1 Traditional Risk Measures 
 
In the pre-Markowitz era, financial risk was considered as a correcting factor of expected return, 
and risk-adjusted returns were defined on an ad hoc basis. These primitive measures had the 
advantage of allowing an immediate preferential order of all investments. 
 
Markowitz (1952, 1956) proposes a measure of the risk associated to the return of an investment 
by means of the deviation from the mean of the return distribution, the variance, and in the case 
of a combination (portfolio) of assets, to gauge the risk level via the covariance between all pairs 
of investments, i.e.， 
               ( ) )()(),(, jijiji RERERRERRCov −=       (2.1) 
, where iR and jR  are random returns of the investments. Markowitz’s main innovation of risk 
measurement is in the measurement of the risk of a portfolio via the joint (multivariate) 
distribution of returns of all assets. Multivariate distributions are characterized by the statistical 
(marginal) properties of all component random variables and by their dependence structure. 
Markowitz described the former by the first two moments of the univariate distributions -the asset 
returns- and the latter via the linear (Pearson) correlation coefficient between each pair of random 
returns, i.e., 
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),(=                 (2.2) 
, where iσ and jσ  denote the standard deviations of the univariate random variables iR  
and jR , respectively. Note that a measure of dispersion can be adopted as a measure of risk only 
if the relevant distribution is symmetric. 
 
The correlation coefficient, while allows to fully describe a multivariate distribution by taking 
into account the dependence structure among all pairs of components only, is strictly related to 
the slope parameter of a linear regression of the random variable Y on the random variable X, and 
it measures only the co-dependence between the linear components of X and Y. As is expressed in 
the formula below:  









σρ +−−=           (2.4) 
, that is the relative variation of 2Yσ  by linear regression on X. It can be proved that for all 
vectors Z and random vectors X, the variance of the linear combination ZTX, satisfies the 
relationship: 
ZXCovZXZ TT )()(2 =σ               (2.5)  
, which is essential in Markowitz portfolio theory. Linear correlation co-dependence measure is 
indeed very intuitive and appealing in its simplicity. 
 
The use of correlation coefficient (Pearson’s correlation) as a measure of dependence plays a 
central role in Finance. However, it has been pointed out that the correlation coefficient is 
inadequate for this purpose (Embrechts et al., 2001). 
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Beta （ β ） 
Sharpe (1964) in his landmark paper of the capital asset pricing model (CAPM) introduces the 
concept of beta as the systematic risk of a single instrument or an entire portfolio. Later it became 
a risk metric primarily employed in the equity markets. Beta describes the sensitivity of an 
instrument or portfolio to broad market movements. The formula for beta is: 




σβ =                     (2.6) 
, where ),( mi RRCov  is the covariance between the portfolio return and the market return, and 
2
mσ  is the variance of the market’s return.  
This development of beta was motivated by computational reasons. The complexity of the 
mean–variance approach was considered too high. After almost 40 years and the gigantic 
progress in computers, this is no longer the case. The second motivation for the introduction of 
the β -based portfolio methods was the insufficient data to compute the variance-covariance 
matrix: as a matter of fact the number of data should be at least twice the number of assets. 
Nowadays bootstrapping techniques allow to circumvent this problem and β s are almost 
abandoned in portfolio management in favor of complete variance-covariance models. The 
measure of the linear dependence between the return of each security and that of the market, β , 
led to the development of the main pricing models, CAPM, and APT. These models, while 
extendible to fat-tailed distributions, have been developed in a ‘‘normal world’’ and lead to 
misleading results when applied to everyday life situations.  
Beta is sometimes used as a metric of a portfolio’s market risk. This can be misleading because 
beta does not capture specific risk. Because of specific risk, a portfolio can have a low beta but 
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still be highly volatile. Its price fluctuations will simply have a low correlation with those of the 
overall market.  
It is unfortunate that the precisely formulated Markowitz model has become a “solution in search 
of a problem” while incorrectly applied to many cases in which risk cannot be described by 
variance, dependence cannot be measured by linear correlation coefficient, and utility function. 
 
Skewness and Kurtosis 
 
Skewness is a risk measure defined by the degree of asymmetry of a distribution around its mean, 
while the kurtosis as a risk measure is defined by the relative peakedness or flatness of a 
distribution compared with the bell-shaped distribution (normal distribution).  
 
The skewness (S) and kurtosis (K, which is also known as kurtosis excess) are respectively 
defined in eq (2.7) and eq (2.8) 















































i      (2.8)  
, where n= the number of observations in the sample; 
iX = the ith observation in the sample;  
X = the sample mean; 
S  = the standard deviation of the sample. 
The A risk-averse investor prefers a distribution with low kurtosis excess (i.e. most returns are not 
far from the mean), and positive skewness. A distribution with positive skewness, and a high 
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kurtosis (>3 or 4), the risk of extreme negative returns in the future is very low. However, if the 
skewness turns negative, the impact of a high kurtosis is significant for a risk-averse investor. 
When the return distribution has a skewness of -1 (or below zero) and a kurtosis higher than 1, 
the probability of high negative returns increases dramatically. For a distribution with a skewness 
of -1 and an excessively low kurtosis of -5, the mean-variance approach concludes that the 
investor will not lose more than -3.5% in the next one day with 99% probability. In this case 
where the skewness and kurtosis give a -7.4% loss in the next one day with 99% probability, the 
difference of loss estimation is substantial, with an underestimation of loss more than 100% under 
the mean-variance approach. Thus, it is imperative in risk-return optimization and simulation that 
due account be taken of the estimations of the volatility, skewness and kurtosis risk measures 
when they are significant, and the investor is risk averse. 
 
 
2.2 Duration and Convexity 
Macaulay (1938) introduced the concept of duration as a more precise alternative to maturity for 
measuring the life of a bond. As with many of the important innovations in finance, the 
investment community was slow to appreciate Macaulay's discovery of duration. It was not until 
the 1970s that professional investors began to substitute duration for maturity in order to measure 
a fixed income portfolio's exposure to interest rate risk. Today, duration and convexity--the extent 
to which duration changes as interest rates change are indispensable tools for fixed income 
investors.  
The Macaulay’s Duration 
A bond's maturity measures the time to receipt of the final principal repayment and, therefore, the 
length of time the bondholder is exposed to the risk that interest rates will increase and devalue 
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the remaining cash flows. Although it is typically the case that, the longer a bond's maturity, the 
more sensitive its price is to changes in interest rates, this relationship does not always hold. 
Maturity is an inadequate measure of the sensitivity of a bond's price to changes in interest rates, 
because it ignores the effects of coupon payments and prepayment of principal. Another intuitive 
alternative measure of the sensitivity of a bond’s price to changes in interest rates is the 
mathematic average time to receipt of cash flows. It is also an inadequate measure of the effective 
life of a bond, because it fails to account for the relative magnitudes of the cash flows. 
Macaulay recognized this and determined that the time to receipt of each cash flow should be 
weighted, not by the relative magnitude of the cash flow, but by the present value of its relative 
magnitude. Macaulay's duration, therefore, equals the average time to receipt of a bond's cash 
flows, in which each cash flow's time to receipt is weighted by its present value as a percentage of 
the total present value of all the cash flows. The sum of the present values of all the cash flows, of 
course, equals the price of the bond. 
In general, Macaulay's duration can be expressed as the formula below: 























)1(                                (2.9) 
where 
D = duration, 
n = number of cash flows (coupon payment), 
t = time to receipt of the cash flow, 
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Ci = cash flow amount and 
r = yield to maturity. 
It is apparent from the formula for Macaulay's duration that its value depends on three factors: the 
final maturity of the bond, the coupon payments and the yield to maturity. 
If we hold constant the size of the coupon payments and the yield to maturity, duration in general 
increases with a bond's maturity. But it increases at a slower rate than the increase in maturity, 
because later cash flows are discounted more heavily than earlier cash flows. If we extend the 
maturity of the coupon-bearing bond described earlier from 10 years to 15 years, for example, it 
duration increases by only 1.61 years, from 6.76 years to 8.37 years. Of course, in the case of 
zero-coupon bonds, duration increases exactly with maturity, because these values are equal to 
each other. 
Deep-discount bonds are another exception to the general rule. They increase in duration as 
maturity increases up to a distant threshold and then decrease in duration as maturity increases 
beyond this threshold. This peculiar result arises because deep-discount bonds with sufficiently 
long maturities behave like perpetuities (bonds that pay coupons forever). Perpetuities have an 
infinite maturity but a finite duration, because the weight of the principal repayment is 
inconsequential by the time it is discounted to present value. 
At a given maturity and yield to maturity, duration declines with increases in the coupon 
payments or principal prepayments. This is because a larger percentage of the total cash flow is 
received earlier; stated differently, the times to receipt of the coupon payments or principal 
prepayments are weighted more heavily relative to the final repayment of principal. If the coupon 
payments from our earlier example were $120 rather than $100, the bond's duration would equal 
6.54 years instead of 6.76 years. 
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Finally, if we increase yield to maturity while holding the coupon payments and maturity constant, 
duration will fall, because the discount factors for the later cash flows increase more than the 
discount factors for the earlier cash flows. The duration of the coupon-bearing bond in our 
example, for instance, declines to 6.55 years as the yield to maturity rises to 12%. Table 2.1 
summarizes these properties of duration. 
Table 2.1 Properties of Duration 
Maturity Increases Duration Increases16* 
Coupon Payment Increases Duration Decreases 
Yield to Maturity Increases Duration Decreases 
(Source: author, 2005) 
 
The Modified Duration 
Although Macaulay conceived of duration as a measure of the effective life of a bond, it can be 
modified to measure the sensitivity of a bond's price to changes in the yield to maturity. The 
modification simply requires dividing Macaulay's duration by the quantity one plus the held to 
maturity, as shown in eq (2.10): 




DD +=                                   (2.10) 
 
Where, 
                                                        
16 For par and premium bonds only. For deep-discount bonds, duration increases up to a distant 
threshold and then decreases. 
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D* = modified duration, 
D = Macaulay's duration and 
r = yield to maturity. 
We can estimate the percentage change in the price of a bond by multiplying the basis-point 
change in yield to maturity by minus one times the bond’s modified duration. Again, suppose that 
we have a 10-year bond that pays a 100 coupon annually and $1000 at maturity; its yield to 
maturity is 10%. The Macaulay duration of this bond equals 6.76 years. Its modified duration thus 
equals 6.14 years, which we derive by dividing 6.76 by 1.10. 
If yield to maturity increases 10 basis points to 10.1%, modified duration predicts that the bond's 
price will decline 0.614%, to $993.86. And if yield to maturity declines 10 basis points to 9.90%, 
modified duration predicts that the bond’s price will increase 0.614%, to $1006.14. 
Although these predictions are close to the true answer, they are not exact. If yield to maturity 
does increase by 10 basis points, the price of the bond will actually decline by 0.612%, to 
$993.88, and if yield to maturity falls 10 basis points, the bond's price will increase by 0.617%, to 
$1006.17. Modified duration apparently overestimates price declines and underestimates price 
increases with respect to changes in yield to maturity. 
One might argue that the errors are so tiny as to be inconsequential. For larger changes in yield to 
maturity, however, the percentage change in price predicted by modified duration can be 
significantly wrong. For example, modified duration predicts a 6.14% change in price for a 
100-basis-point change in yield to maturity, given our particular example. In fact, the bond's price 
would decline by only 5.89% if yield to maturity rose by 100 basis points, and it would rise by 
6.42% if yield to maturity fell by 100 basis points. Figure 2.1 shows the change in price predicted 
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by modified duration for given changes in yield to maturity (the straight line) compared with the 
change in price that would actually occur (the curved line). 
      
(Source: Author, 2006) 
 
The Convexity 
In Figure 2.1, the line that represents the actual price response to a given change in yield to 
maturity is convex. The larger the increase in yield to maturity, the greater the magnitude of the 
error by which modified duration will overestimate the bond’s price decline; the larger the 
decrease in yield to maturity, the greater the magnitude of the error by which modified duration 
will underestimate the bond’s price rise. 
This phenomenon is called convexity, and it arises for the following reason. As yield to maturity 
changes, a bond’s duration changes as well. Modified duration is thus an accurate predictor of 
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price change only for vanishingly small changes in yield to maturity. If yield to maturity is 10%, 
for example, modified duration equals 6.14, which implies that a 100-basis-point change in yield 
to maturity will result in a 6.14% change in bond price. However, as yield to maturity increases to 
10.25%, modified duration falls to 6.02, which implies smaller price changes for subsequent 
changes in yield to maturity. 
The price response of a bond to changes in yield to maturity is consequently a function not only 
of the bond's modified duration, but of its convexity as well. Whereas modified duration 
measures the sensitivity of bond prices to changes in yield to maturity, convexity measures the 
sensitivity of duration to changes in yield to maturity. 
Convexity is more pronounced, the farther apart the cash flows are. Imagine a bond that has 10 
annual cash flows. If yield to maturity increases, the present value of the 10th cash flow will 
decrease the most, the present value of the ninth cash flow will decrease by a smaller amount; the 
present value of the eighth cash flow will decrease by yet a smaller amount, and so on. Duration 
will decrease as the more distant cash flows are assigned less and less weight. To the extent the 
cash flows are not far apart from each other, however, duration will not decrease that much 
because the changes in the weights associated with successive cash flows will be similar to each 
other. 
Now consider a bond that has only two cash flows, one after the first year and one after the 20th 
year. If yield to maturity increases, the present value of the first cash flow will change by a 
significantly smaller amount than the change in the present value of the second cash flow. The 
weight assigned to the time to receipt of the first cash flow will thus decline only slightly, 
whereas the weight assigned to the time to receipt of the second cash flow will decline 
meaningfully, resulting in a more substantial change in the bond's duration. 
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Duration and convexity are essential tools for fixed income portfolio management. Duration 
enables portfolio managers to act upon their convictions about interest rate shifts. If a manager 
expects interest rates to fall, he should increase the duration of his portfolio in order to leverage 
the price appreciation that will occur if he is correct. If he expects an increase in rates, he should 
of course reduce duration to protect her portfolio from price losses. 
Duration and convexity are also useful for hedging a stream of liabilities. A portfolio manager 
can hedge a liability stream by constructing a portfolio of equal duration and convexity, as long 
as its present value equals the present value of the liabilities at the outset. If the present value of 
the liabilities exceeds the present value of the assets available for hedging, the duration of the 
portfolio must exceed the duration of the liabilities. The converse is true if the value of the 
portfolio exceeds the value of the liabilities. Moreover, modified duration relates the percentage 
change in price to absolute changes in yield to maturity. In order to hedge a portfolio of liabilities 
with a different value, duration must be adjusted to relate the dollar change in price to changes in 
yield to maturity. 
Finally, a portfolio can be immunized from interest rate shifts by setting its duration equal to the 
investor’s holding period. If interest rates rise, the capital loss will be offset by the gain from 
reinvesting the cash flows at higher yields. Conversely, if interest rates fall, the reduction in 
income resulting from reinvestment of cash flows at lower rates is offset by the capital gain. Of 
course, capital gains and losses are balanced by reinvestment gains and losses only to the extent 
that short-term rates and long-term rates move together. If long-term rates increase but short-term 
rates remain unchanged, the portfolio's income will not increase sufficiently to offset the capital 




2.3 LPM and Co-LPM 
 
The LPM Risk Measure 
 
The lower partial moment (LPM) of the nth order, where the investor can represent his risk 
preference, offers another model of risk measurement. The LPM is a generalized measure of 
downside risk, defined as the average of the squared deviations below a target return, relative to 
the semi-variance risk that is defined as the average of the squared deviations below the mean 
return. Within an ex ante approach, the “mean” risk and return becomes the “expected” risk and 
return. The LPM is not only distribution-free but it also recognizes skewness to be an important 
consideration in the investment decision making process for the direct real estate investment asset. 
The nth-order LPM proposed by Fishburn (1977) is one useful LPM risk measurement where the 
nth-order can be matched to a specific investor’s utility, such that the increasing orders of n reflect 
the investor’s increasing levels of risk aversion. 
 
The LPM risk in this paper is concerned with the nth-order measure of LPM, and the effect of the 
varying orders of n on the expected performance of a direct real estate investment portfolio. Main 
reasons for the testing of the nth-order is that firstly there is a close relationship between the 
nth-order LPM and stochastic performance, and that secondly, by varying the order of n, the 
measure can reflect an investor’s utility towards risk but below the target return with a high level 
of accuracy. The relationship between the nth-order LPM and stochastic performance is reiterated 
by Porter (1973, 1974), Bawa (1975), Bawa and Lindenburg (1977) and Fishburn (1977). Their 
studies highlight the fact that stochastic dominance is equivalent in all orders of the nth-order 
LPM. Bey (1979) argues that a semi-variance efficient portfolio algorithm can be used to estimate 
the stochastic-dominant efficient sets where the semi-variance is just an exceptional case of the 
nth-order LPM with n equaling 2. However, as stochastic dominance is not efficient algorithm in 
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the ideal selection of security-asset allocations, The LPM algorithm that closely approximates the 
stochastic dominance efficient set may well prove useful for portfolio selection. 
 
Fishburn (1977) shows that by varying the n in the nth-order LPM, this risk measure accurately 
reflects an investor’s utility towards risk and below the target return. He argues that the utility 
functions defined by the nth-order LPM are in fact as general as the utility functions defined under 
the stochastic dominance analysis. Levy and Markowitz (1979), as well as Kroll, Levy and 
Markowitz (1984) demonstrate that a limited number of utility functions can be approximated by 
a judiciously chosen utility function defined by the mean-variance, although the nth-order LPM 
defines a general class of utility functions. In addition, the semi-variance (the 2nd-order LPM), is 
an attempt to incorporate skewness into a 2-parameter portfolio selection model. This 
2-parameter model is advantageous as it is resolved with well documented optimization 
algorithms, and involves less computational complexity than a 3-parameter model. Recently, the 
LPM risk has been the subject of several studies that test a 2nd-order LPM version of the CAPM 
model, as in Price, Price and Nantell (1982) 
 
The LPM Portfolio Selection Model 
 
Bawa (1975) and Fishburn (1977) estimate that the nth-order LPM is stochastic dominant in terms 
of the 3rd-degree stochastic dominance (TSD), whose efficient sets contain all the LPM efficient 
sets. The 2nd-degree stochastic dominance (SSD) contains all LPM efficient sets where n equals 1, 
while the 1st-degree stochastic dominance (FSD) contains all LPM efficient sets where n equals 0. 
Fishburn (1977) argues that the LPM algorithm is general enough that it can be tailored to the 
utility function of a specific investor. This is because the nth-order LPM model exhibits stochastic 
dominance through a general utility function, and through no restrictive assumptions concerning 
the probability distribution of a security’s rates of return. However, Hanoch and Levy (1969) 
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argue that in mean-variance (MV) analysis, the additional moments of the distribution may matter 
if the underlying distribution is not normal or if the investor’s utility function is not quadratic. 
Fishburn (1977) highlights the utility function assumption, underlying the MV analysis and 
reiterates that a model of portfolio selection is needed that accounts for the wide variety of 
investor utility functions. Fishburn thus proposes the nth-order LPM model as a solution to this 
problem. 
 
Fishburn (1977) adds that the order of the LPM, n, represents different investor attitudes towards 
risk. When n = 1, the LPM model becomes the boundary line between risk averse behavior and 
risk seeking behavior; when n < 1, the investor seeks to add additional risk to a portfolio; when n 
> 1, the investor is averse to risk. The investor's risk aversion is an increasing function of n. 
Consequently, an investor with n = 3 is more averse to risk (below the target return), than an 
investor with n = 2. Bawa (1975) and Fishburn (1977) define the continuous nth-order LPM 
model in eq (2.11) 
∫ ∞− −= T nn RdFRRLPM )()();( ττ           (2.11) 
, where R represents the security’s returns; F(•) is the cumulative distribution function of the 
return, R; n is the order of the LPM model and τ  is the target rate of return which the investor 
does not want his random return, R, to fall. It is important that τ  remains constant through all 
the LPM calculations. If not, the LPM is unable to make a proper comparison between different 
investments. Similar to a variance-covariance matrix, an LPM-CLPM (co-lower partial moment) 
matrix can be set up for portfolio analysis. The computational definition for the nth-order LPM for 
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, where t is the number of observations and R is the periodic return for security i and observation t 
where t = 1, 2 . . . T. Eq (2.12) means that LPM is positive for all values of n. According to Scott 
and Horvath (1980), the nth-order LPM is not comparable to the standard statistical moments of 
the distribution where investors exhibit a preference for higher values of the odd moments (mean 
return, skewness), and a dislike for higher values of the even moments (variance, kurtosis). 
Investors show increasing risk aversion as the order of the LPM, n, increases, and negative LPM 
values do not appear. The LPM risk, by utilizing below the target returns, measures the amount of 
negative skewness in a distribution. Since investors prefer positive skewness and dislike negative 
skewness, the LPM thus becomes an estimation model of the risk measurement. The higher the 
LPM value, the greater the degree of negative skewness, and the greater the risk of a direct real 
estate (investment) asset. As n increases, the negative skewness of the security or investment asset 
remains the same, but the LPM imposes a heavier utility penalty (through a higher LPM estimate) 
to the negative skewness as n increases. 
 
 
2.4 Value at Risk (VAR) 
 
VAR is a measure of the maximum potential change in value of a portfolio of financial 
instruments with a given probability over a pre-set horizon. It summarizes the worst loss over a 
target horizon with a given level of confidence. More formally, VAR describes the quintile of the 
projected distribution of gains and losses over the target horizon.  
 
The historical volatility of a portfolio’s market value as a risk metric is retrospective. The 
historical volatility can illustrate how risky the portfolio had been over the previous periods, 
while it can say nothing about how much market risk the portfolio was taking today. VAR, 
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however, is prospective. It quantifies market risk while it is being taken. Meanwhile, VAR as a 
risk measure suffers the disadvantage of non-sub-additive. Consider two portfolios, A and B. It is 
possible that:  
 
    VAR (A+B) > VAR (A) + VAR (B)                                 (2.13) 
 
This is counter-intuitive that diversification will lead to more risk being reported. 
 
 
2.5 Risk Measurement Fitness 
Risk measurement is equivalent to establishing a correspondence function f between the space X 
of random variables (for instance the returns of a given set of investments) and a non-negative 
real number, i.e. ρ: X→R. Scalar measures of risk enables us to order and to compare investments 
according to their respective risk value. These correspondences cannot be without restrictions (in 
this case they would not have any property) that can take the form of binding conditions. Thus, 
any risk measure that is lacking in such properties may lead to inconsistencies.  
To better understand the role of proper conditions that has to be satisfied by a scalar risk measure, 
we recall the 3 conditions that any function, X→R, which defines the distance between 2 points in 
the space X, must satisfy: 
z the distance between a point and itself is zero;  
z the distance does not change by inverting the two points;  
z given three points, the distance between any pair cannot be larger than the sum of the 
distances between the other two pairs. 
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Any functional form that satisfies these conditions is a measure of distance. These restrictions do 
not define a precise measure but only the class of possible measures.  
Any acceptable risk measure, ρ: X→R, must satisfy the following properties: 
(a) Positive homogeneity: ρ (λx) =λρ(x) for all random variables x and all positive real numbers λ.  
(b) Subadditivity: ρ(x+y)≤  ρ(x) + ρ(y) for all random variables x and y. It can be proved that any 
positively homogeneous functional ρ, is convex if and only if it is subadditive.  
 
If, in addition, the following two properties are satisfied:  
(c) Monotonicity: x≤ y implies ρ(x) ≤  ρ(y) for all random variables x and y,  
(d) Transitional invariance: ρ(x+r0) = ρ(x) −α for all random variables x and real numbers α, and 
all riskless rates r0, then ρ is a coherent risk measure. Any measure of risk must satisfy these 
conditions.  
Some economic implications of these conditions are as follows:  
Subadditivity: if ρ would not be subadditive, then ρ(x) +ρ(y) <ρ(x+y), this implies, for instance, 
that in order to decrease risk, it could be convenient to split up a company into different distinct 
divisions. From the regulatory point of view, this would allow to reduce capital requirements. 
Note that covariance is subadditive, and this property turned out to be essential in Markowitz 
portfolio theory: indeed no new investment increases risk.  
Transitional invariance implies that by adding a sure return r0 to a random return x the risk ρ(x) 
decreases by α.  




2.6 Literature Review on Real Estate Duration   
 
Macaulay (1938) develops the concept of duration in his seminal analysis of interest rates and 
fixed-income asset (bond) prices. The Macaulay Duration overcomes the shortcomings of the 
bond term to maturity and the mathematic average of the time to maturity, provides a more 
meaningful measure of the life of a bond. It is actually a weighted average of the time of each 
bond payment. The weights deployed represent the percentage of the present value of each 
coupon payment to that of the total bond payment. Duration, which is extensively employed in 
the analysis of the relationship between interest rates and bond prices, is measured in units of 
time since it is the sensitivity with respect to interest rates, and interest rates are measured in 
terms of the unit of increase per time period. Hicks (1939) shows that the Macaulay duration 
with a discount factor, )1/(1 r+ , is equal to the elasticity of the value of a stream of payments. 
The Hicks study and subsequent work show that the duration and the elasticity are equal, and 
they assume that the income receivable is unaffected by the changes in the interest rate. This 
assumption is valid only for bonds where the income is fixed. Hicks highlights that the relative 
price of two income streams is invariant to the changes in interest rates if the two have the 
same elasticity. Samuelson (1945) analyzes the effects of interest rate changes on the capital 
values of financial institutions, and arrives at a similar conclusion. He uses the term “the 
weighted average distribution” for duration, and concludes that increased interest rates would 
help an organization whose (weighted) average time period of disbursements is greater than 
the average time of its receipts. Redington (1952) imputes the first derivative of the values of 
inflows and outflows with respect to interest rates, and names the derivative to be the “mean 
term”. He concludes that the existing business organization is immune to a change in the 
interest rates when the mean term of assets equals the mean term of the liabilities. 
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Most work on duration has focused on bonds because of their sensitivity to changes in interest 
rates (Bierwag et. al. 1990). It has been shown that duration is a measure of the elasticity of the 
price with respect to interest rate. For most bonds, duration varies directly with maturity. 
Duration and the coupon rate vary inversely. (See Bierwag et. al., 1983 and Bierwag et. al., 1988 
for a complete review of the application of duration analysis to bonds.)  Equity duration has 
been derived mainly from the dividend discount models (DDM) that assume constant growth in 
the dividends in perpetuity.  In most studies, the assumption is made that changes in the interest 
rates have no effect on the dividend income (for e.g., see Casabona et al. 1984, Ludvik 1990). 
Ludvik (1990) estimates duration to be 22.2 years and 16.7 years for equities and real estate asset 
respectively. These estimates are simply the reciprocals of the income yield of 4.5% and 6% for 
equities and property respectively. The yield, as a discount rate, in turn may also change owing to 
changes in the real rate of interest, the expected inflation or the premium in a discounted cash 
flow model. Duration estimates that ignore the impact of inflation flow-through on the cash flow 
tend to produce very high durations according to Modigliani and Cohn (1979), Feldstein (1980), 
Diermeier (1990) and Hoesli et al (1997). But if cash flows are adjusted to allow for increased 
expectation on inflation, then their effect on the capital value will be much lower. Leibowitz et al 
(1989) reiterates that the early DDM duration estimations typically lead to values ranging from 20 
to 50 years, with the companies experiencing growth that show the longest durations. Another 
analysis, adopting straightforward regression techniques, estimates the actual stock price 
sensitivity to interest rate changes and the resultant “empirical durations” fall between 2 and 6 
years. These are significantly lower then the duration estimates obtained from the DDM. 
 
Leibowitz (1986) estimates a duration of 2.19 years for the US equity market, adopting a similar 
approach that allows for the inflation flow-through in the duration of real estate. Ward (1988) also 
estimates the duration of the UK real estate, adopting a discounted cash flow model. The resultant 
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real estate duration, defined as the sensitivity of rental growth to the interest rates of 0%, 0.5% 
and 1.0%, is similar to the corresponding inflation flow-through rates (δg/δr). The duration 
estimates for freehold real estate are found to be between 9.33 and 36.05 years, and the extreme 
high values are those obtained for the inflation flow-through rate of zero. Ward states that the 
duration of real estate is longer than the equivalent bond duration where positive growth is 
expected. However, this observation contradicts priori expectations as the bond income is fixed 
while the real estate income can vary with changes in the expectation of inflation. Hartzell et al 
(1988) adopts a cash flow valuation model to study the duration of US commercial real estate and 
concludes that real estate investors, through the lease-contract process, are enabled to benefit 
from a degree of control over the duration of the direct real estate asset. Their simulations show 
that the commercial real estate duration can vary from 0 to 6 years depending on the type of lease 
contract. The implied inflation flow-through rates, which vary between 0.51 and 1.00 owing to 
varying lease terms, are estimated. 
 
Adams et al (1993) subsequently investigates the inflation flow-through for the UK 
commercial real estate, presuming no links between interest rate changes and the growth in 
rental values i.e. zero inflation flow-through rate. The results shows that inflation 
flow-through rates tend to be positive and >0.50. Hamelink et al (2002) estimates the 
durations for real estate and equities. They find that the duration estimation, which implicitly 
presumes the inflation flow-through rate to be zero, will produce misleadingly high durations 
for real estate and equities, which is usually between 15 and 25 years. Their simulations also 
show real estate to have some bond-like characteristics. Using historical data, equity duration 
is estimated at 8.58 years while the real estate duration is much lower at 3.15 years. These 
values are relatively much lower than those usually cited. If such duration values can be 
substantiated and if higher values are used in practice, then portfolio immunization strategies 
may well be reconsidered.  
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Foort Hamelink et al. (2002) derive the formula for the duration of direct real estate and 
examine the variation in duration with the lease structure. They also derive formulae for the 
duration of equities and they compare the durations of equity with those of real estate. 
Simulations utilizing the formulae indicate that real estate has some bond-like characteristics. 
From historical data, equity duration is estimated at 8.65 years and real estate’s to be much 
lower at 3.16 years. Brown (2000) confines his analysis of duration to the commercial real 
estate market in the United Kingdom at the aggregate level. He derives the duration of a 
conventional valuation model to estimate the ex ante volatility and the total risk of the 
commercial real estate market. His analysis utilizes the Investment Property Databank (IPD) 
Monthly Commercial Property Index that includes the retail, office and industrial sectors.  
 
Most of the risk associated with fixed income price movements is accounted for by their 
duration (viz., their sensitivity to changes in the discount rate). As for bonds, duration and 
interest rate sensitivity are virtually synonymous. For equities, however, duration is only one 
of several factors describing risk (Leibowitz et al 1989). Early research findings reveal that, 
on the one hand, the betas of high-growth firms tend to be higher than those of low-growth 
firms, and on the other hand there seems to be relatively little relation between beta 
coefficients and the covariance matrix of the underlying cash flows17. Cornel (1999) argues 
that the betas of Amgen and other pharmaceutical companies are much too high to be 
explained by their cash flow betas alone and, following Campbell and Mei (1993), suggests 
that common variation in expected returns accounts for this18. He finds that stock betas are 
                                                        
17 See Beaver, Kettler, and Scholes (1970) 
18 Campbell and Mei (1993) use a vector auto regression to decompose the betas of industry 
portfolios into a cash flow beta, a beta associated with innovations in real interest rates, and a beta 
associated with innovations in the equity premium. They conclude that the real interest rate 
component of beta is very small, on the order of 0.012, and for most industries, the cash flow beta 
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positively associated with the “duration” of equity cash flows as measured by forecast 
earnings growth rates and (the negative of) dividend yields. Dechow, Sloan and Soliman 
(2004) use recent developments in financial statement analysis research to construct a measure 
of duration for equities and find standard empirical predictions and results for fixed income 
securities extend to equity securities. They show that stock price volatility and stock beta are 
both positively correlated with equity duration. They show that book-to-market ratio provides 
a crude measure of equity duration and that their more refined measure of equity duration 
subsumes the Fama and French (1993) book-to-market factor in stock returns. Brennan and 
Xia (2006) used a simple Intertemporal Capital Asset Pricing Model (ICAPM) with a 
time-varying interest rate and market Sharpe ratio to analyze the dependence of security 
market betas and risk-adjusted discount rates on the maturity and risk characteristics of the 
underlying cash flow. They examine the relation between security betas and the maturities of 
the underlying cash flows. Security betas were shown to be increasing in maturity, which is 
consistent with empirical findings of Cornel (1999) and Dechow et al. (2001, 2004). 
 
In summary, very few studies have been conducted to investigate the duration of commercial real 
estate assets, while relatively more research focuses on the application of duration to equities and 
fixed-income securities. Hence an investigation of real estate duration under an ex ante analysis is 
of the essence and will surely direct us to a better understanding of real estate investment risk and 
real estate asset pricing.  
                                                                                                                                                                     
component is much smaller than the beta component associated with the equity premium. 





EMPIRICAL MODEL VALIDATION OF DIRECT REAL ESTATE EX ANTE 
SYSTEMATIC RISK AND TOTAL RISK BEHAVIOR UNDER THE DURATION 





Traditionally, financial risk is defined as the dispersion of unexpected outcomes owing to 
movements in financial variables. Financial risk is often measured by the volatility, variance 
or standard deviation (σ) of the asset return. In this regard, both the positive and negative 
deviations from the asset return’s mean are viewed as sources of risk. Financial risks are 
generated by the movements of financial factors, such as interest rate, exchange rate and the 
underlying commodity price, that are respectively denoted as interest rate risk, exchange rate 
risk and commodity risk. In this sense, the definition of risk can be better understood through 
defining the variables of interest such as portfolio value, earnings, capital expenditure or a 
particular cash flow.  
 
Thus, the measurements of the exposure to movements in the underlying variables can be 
expressed in several versions. In the fixed-income asset market and the stock market, the 
linear exposure to movements in interest rates is defined as the duration and the systematic 
risk (β) respectively. In the derivative market, the exposure to movements in the value of the 
underlying asset is defined as the delta (δ). The second-order or quadratic exposure to a 
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financial variable is defined as convexity in the fixed income market and gamma (γ) in the 
derivatives market. So, convexity measures the change in duration resulting from the change 
in interest rate, while gamma (γ) measures the change in delta (δ) as the value of the 
underlying asset in the derivative market changes. 
  
To a large extent, direct real estate asset investment like other investments, is required by 
investors to achieve a stream of expected income flows, say, the net operating income. Real 
estate risk exists owing to the uncertainties of these expected income flows. The measurement 
of real estate risk, in conformity with modern portfolio theory, should reflect an investor’s ex 
ante expectations, rather than focus on what has happened in the past. Historic measures of 
risk are merely helpful in forecasting expected risk under set scenarios. In modeling real estate 
risk, it should not be measured in function of what happened (i. e., actual past volatility) but in 
function of what might have happened and its probability.   
 
However, owing to limited empirical data availability, statistical techniques such as sensitivity 
analyses, probability analysis and Monte Carlo simulation are used in real estate risk 
assessment to overcome this problem. Real estate structural risk factors can even be further 
investigated via these methods, and this is of much significance since the real estate risk 
factors in turn affect the portfolio return, say, the Internal Rate of Return (IRR). By controlling 
the other risk factors, subsequent investigation of a certain key real estate risk factor would 
surely shed light on the risk behavior of the real estate portfolio return, and should give the 
investor better insight in order to adjust his exposure to the volatility of the structural real 
estate risk factors that in turn are the real estate risk sources. 
 
Hence, Chapter three introduces an augmented duration model in order to measure the direct 
 55
real estate systematic risk and the direct real estate total risk, in the form of the non-linear 
exposure to movements in the direct real estate yields at the individual asset, sector or market 
levels through an ex ante but modified fixed-income duration model, in combination with the 
direct real estate equivalent-yield valuation model. In this model, limited information is being 
provided through the lease structure of a direct real estate asset. In other words, this chapter 
investigates the potential modification of the fixed-income duration to measure the return 
volatility of a direct real estate asset (for example, a complete office building) or a real estate 
sector relative to the wider real estate market, and then to measure the corresponding total risk 
of that real estate asset or sector. 
 
In addition, this chapter estimates of the direct real estate total risk, on the basis of a reliable 
quarterly data set, where the augmented duration model is formulated as a non-stochastic model 
principally from a conventional freehold, term and reversion valuation model. The required data 
set for this paper is obtained from the Jones Lang LaSalle Real Estate Information Service-Asia 
(JLL REIS-Asia). It is tested for normality and stationarity in order to assess its appropriateness 
as a specific investment asset class research index for each of the three sectors of the Singapore 
real estate market - the luxury residential sector, prime office sector and prime retail sector. 
 
Based on the model of direct real estate systematic risk and total risk under the ex ante 
duration risk, time-varying risk and GARCH risk, the author further utilize the JLL REIS-Asia 
data set for the luxury residential, prime office and prime retail sectors that constitute the 
Singapore real estate market to measure the systematic risk and total risk.  
 
Section 3.3 carries out the direct real estate beta (systematic risk) model estimations via the 
direct real estate sector duration beta and the corresponding time-varying beta regression. 
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Section 3.4 discusses the measurement of the direct real estate asset total risk under the direct 




3.2 The Data Set 
 
The Jones Lang Lasalle Real Estate Intelligence Service-Asia19 (JLL REIS-Asia) data set is 
obtained for this paper, and is analyzed for partial or complete normality behavior. If the data 
set is found to be partial normally distributed and thus time variant, it may well be appropriate 
to investigate the time-varying nature of the return volatility of a real estate asset (or sector), 
relative to the market subsequently. The associated real estate capital values (CVs), initial 
yields (IYs) and net effective rents on net leaseable area, are to be tested in order to establish 
whether they deviate much from the normal distribution, and therefore from constant variance. 
The normality test is conducted for the period between 1989 and 2001.  
 
The CV and rental values are measured on the basis of thirty buildings from each of the three 
different prime real estate sectors for Singapore. These sectors comprise the prime office 
sector in the Raffles Place central business district (CBD), the luxury residential sector and the 
prime retail sector. CVs are measured in terms of Singapore dollars (S$) per sqm, the net 
effective rents in terms of S$ per sqm on net leaseable area and the initial yields in terms of 
annualized percentages.  
 
Results of the normality tests are presented in Table 3.1. These tests consist of the ratio of the 
                                                        
19 JLL REIS-Asia is headquartered in Singapore and produces detail market research reports and 
forecasts of the prime real estate sector in key selected Asian cities. 
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skewness to standard deviation (SD), the ratio of the kurtosis to SD and the Jarque-Bera (JB) test. 
Normality is observed when the skewness-to-SD ratio and the kurtosis-to-SD ratio fall between -2 
and +2. If the JB test is found to exceed the critical value at a particular significance level (i.e. 1%, 
3% or 5%) of the chi-squared distribution, and with two degrees of freedom, then the hypothesis 
that a variable of interest is normally distributed, is rejected.  
 
Table 3.1 Statistical Analysis of Prime Real Estate Sectors, Singapore 
(Source: Author; JLL REIS-Asia data set; Eviews 5 program, 2006) 
CV = Capital Value          ER = Effective Rent                  IY = Initial Yield 
NR = Net Rent        RES = Prime Luxury Residential Sector 
 
OFF = Prime Office Sector      RET = Prime Retail Sector 
 
The results are summarized in Table 3.2 and on the whole indicate that the variables of interest 
conform to a normal distribution, even though the JB test clearly indicates normality compliance 
at the 5% significance level but not at the 1% significance level (i.e. Normality 1); then at the 5% 
significance level but not at the 3% significance level (Normality 2); and lastly at the 1% 





















 Std. Dev. 4515.8 2665.0 2914.8 0.9770 0.950 0.9027 61.741 498.0993 178.61 192.62 
Skewness 
 
0.7081 -0.2489 -0.3046 
 




0.0002 -0.0001 -0.0001 0.9544 0.876 0.935 -0.006 0.0009 -0.001 -0.001 
Kurtosis 1.9894 
 
1.5357 2.1010 2.3005 2.288 2.7114 2.0647 1.9545 1.9399 1.762 
Kurtosis/ 
Std. Dev. 0.0004 0.0006 0.0007 2.3546 2.406 3.0037 0.0334 0.0039 0.0109 0.009 
Jarque- 




0.0624 0.1116 0.3392 0.0263 0.049 0.0680 0.2525 0.1757 0.3061 0.214 
 58
partial normality behavior. 
 























√ √ √ √ √ √ √ √ √ √ 
(Kurtosis/Std) 
ratio 
√ √ √ √ √ √ √ √ √ √ 
Jarque-Bera* 3 3 3 1 2 3 3 3 3 3 
(Source: Author; JLL REIS-Asia data set; Eviews 5 program, 2006) 
√ denotes within the normality compliant range between –2 and +2. 
* 1: accept normality at 5% significance level but reject normality at 1% significance level 
  2: accept normality at 5% significance level but reject normality at 3% significance level 
 3: accept normality at 1% significance level 
 
3.3 The Beta (Systematic Risk) Model Estimations 
 
The JLL REIS-Asia data set tracks the quarterly performance of Singapore’s prime office sector 
at Raffles Place CBD, the prime retail sector and the prime luxury residential sector, in the period 
between April 1990 and October 2001. For simplicity sake, it is assumed that the number of years 
to the next rent review remains constant at 2.5 years. The data set includes CV, rental values and 
initial yields, which are close proxies of the market-wide yields. The data is used in conjunction 
with equation (1.16) to estimate the modified duration of the wider real estate market each quarter. 
The modified duration is then used with equation (1.11) to estimate at time t, the return volatility 
of a real estate sector relative to an index of the wider real estate market movements. This 
modified duration can be used at successive points in time to estimate changes in a real estate 
sector’s return volatility if provided with a time series of capital values, equivalent yields, the 
income and rental value estimates for the wider real estate market and for each real estate sector.  
 
However, before equation (1.11) is used to estimate the return volatility of each real estate sector, 
the changes in the covariance between the real estate sector and the real estate market yields are 
NB.  
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required for each period covered by the data. The covariance term should ideally be based on 
investors’ expectations concerning the change in the real estate sector yield, relative to changes in 
the market yield. Thus, an appropriate proxy value is derived by estimating the slope coefficient 
from a time-varying regression model that utilizes the changes in the real estate sector equivalent 
yield as the dependent variable, and the changes in the real estate market yield as the independent 
variable.  
 
Furthermore, the time-varying regression estimates the changes in the slope coefficient on a 
quarter-by-quarter basis, through a moving average algorithm. This rolling moving average 
window is taken to be seven years or twenty-eight quarters, on the basis that the average duration 
of the real estate market is about seven years. Although not strictly in expectational form, it can 
be argued that if the time varying slope coefficient represents the aggregate view of all investors 
in the real estate market, it can then be used as a proxy for the expected value. Whether it is a 
reasonable proxy remains, however, an empirical issue. 
 
Next, in order to obtain the duration betas under equation (1.11) for Singapore’s three prime real 
estate sectors, the real estate market duration at the aggregate level has to be estimated. The real 
estate market duration in turn is estimated from the stock levels of the different prime real estate 
sectors, in order to arrive at an appropriate weightage according to the respective sector’s stock 
level. Substituting the results from this time varying model into equation (1.11) would produce 
the estimate of the volatility of each prime real estate sector, jtβ  (i.e. the sector’s duration beta), 
relative to the real estate market on a quarterly basis. The consequential duration betas ‘ jtβ ’  are 
depicted in Fig 3.1 for each of the three prime sectors of the Singapore real estate market, while 
the corresponding details of these results are provided in Appendix 3.2 for reference purposes. It 
can be readily observed that the general trend in volatility for each prime real estate sector would 
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offer some useful insights into the performance of each sector. 
 
The Real Estate Sector Duration Beta  
 
Even though the model, as defined by equation (1.11) and equation (1.16), is augmented to 
incorporate constant expectations with respect to the risk premium and the risk free rate of return, 
some key trends concerning the prime office, luxury residential and retail sectors are discussed 
below. The luxury residential sector has shown a sharp decline in the return volatility (i.e. the 
duration beta jtβ ) for the period between 1991 and 1993, and to be followed by a steady rise until 
1995. If investors maintain constant expectations concerning the risk premium and the risk free 
rate of return, the change in the return volatility would imply that the expected value of the luxury 
residential sector did peak in 1993 and has since proceeded to decline. In contrast, the return 
volatility of the prime retail sector and that of the prime office sector have shown a sharp rise in 
the period between 1991 and 1993, followed by a overall decline through to 1997 and 1999. In 
general, the return volatility trends imply that the expected value of these two prime sectors did 
bottom in the period between 1992 and 1993. As for prime office sector, the trend is steadily 
downward, with the inference that the expected value of prime office real estate assets has been 
firming up. However, an opposite trend in general is observed for the prime retail sector, with the 








Fig 3.1 Beta Estimates of the Real Estate Sectors’ Return Volatility 
 











































































































































The Time-Varying Beta Regression 
 
As the JLL REIS-Asia data set is partially normal distributed and therefore time variant, it may 
well be appropriate to investigate the time-varying nature of the return volatility of a real estate 
asset (sector) relative to the market subsequently. The next stage would be to investigate the 
validity of the duration-based, beta-volatility results by comparing them with the time-varying 
betas that in turn are obtained through the ordinary least-square regression analysis, which is 
estimated for each real estate sector’s returns versus the real estate market’s returns. The purpose 
would be to test whether the real estate duration model picks up general trends in volatility, 
through comparing the two different betas. If both models pick up the same informational trends, 
then it would be expected to show some similarity in the general trend.   
 
The time-varying regression betas are estimated from the following expression: 
tmtttt rr ωβα ++=              (3.1) 
, where ωt is a random error term. The coefficients in equation (3.1) have a time subscript 
implying that they can vary over time. If it is assumed that information arrives randomly, then the 
evolution of both parameters would follow a random walk. The coefficients for both tα  and 
tβ can be expressed as: 
ttt λαα += −1   where  ),0(~ 2λσλ NID          (3.2) 
ttt εββ += −1   where   ),0(~ 2εσε NID       (3.3) 
, where λt and εt are random error terms that are normal and identically distributed with ε(λt) = ε(εt) 
= ε(λt, εt) = 0. The intercept and slope coefficients are able to pick up changes in market 
conditions. By reformulating the system in state-space form, equation (3.1) can be expressed as a 
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measurement equation and with equation (3.2) and equation (3.3) as transition equations (Harvey, 
1993). However, this paper’s main interest in this case is with the slope coefficient βt. It is a time 
varying parameter that measures the return volatility of each real estate sector of the wider real 
estate market at each point of time t, on the basis of a historical series of returns. It is also 
compared with the duration estimate, βjt, of equation (1.11) that is based on the expected cash 
flows for each prime real estate sector. Both estimates of volatility give single point figures but 
because it is a comparison of historic and expected values, it is certain that both estimates of 
volatility would not match on a quarter-by-quarter basis. Nevertheless, both the resulting profiles 
should follow the same general trend. 
 
The results of the comparison between the two volatility approaches for each prime real estate 
sector are depicted in Fig 3.2. The corresponding details of these results are provided in Appendix 
3 for reference purposes. Except for the prime office sector, both the duration beta and the 
time-varying beta profiles follow the same general trend. In general, the luxury residential sector 
and the prime office sector are inclined to move in opposite direction in terms of both the two 
different beta measurements, which has a significant meaning in real estate asset allocation20. 
 
Nevertheless, the prime office sector shows greater volatility in the duration beta compared with 
the time-varying beta. This may imply that investors are expecting greater volatility in expected 
returns than is realized in the historic returns. However, the two beta measurements take an 
opposite trend for the prime retail sector. Empirically, the time-varying beta of this retail sector 
shows greater volatility than the associated duration beta and tends to be overstated compared 
with the duration beta. There are two possible reasons:  
 
 
                                                        
20 Interestingly, based on the 1972-78 US equity REITs returns, Miles and McCue (1982) reports 
a negative correlation Coefficient between office and residential property sectors. 
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Fig 3.2 Comparison of Duration Beta and Time-Varying Regression Beta 
 
 
   (Source: Author; JLL REIS-Asia data set, 2006) 
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• Firstly, the time-varying regression beta is a generalized model, the coefficient will 
contain the impact of many other factors and therefore fails to accurately estimate the 
systematic risk, i.e. the risk that originates from the wider real estate market risk; 
• secondly, inaccuracies may well come from the evolving α and β, in equations (3.1) to 
(3.3), that may not have been properly represented by the time-varying regression model 
 
Table 3.3 Correlation Matrix of Duration Beta and Time-varying Regression Beta 
 
(Source: Author, 2006) 
 
The implications from the foregoing analysis are further investigated by inspecting the correlation 
statistics in Table 3.3. As for the prime retail sector, the correlation between the duration beta and 
the time-varying beta is strongly positive with a value of 0.85. On the contrary, the duration beta 
and the associated time varying beta for the prime office sector are negatively correlated at -0.87. 
 
Table 3.3 also highlights a strong negative correlation of -0.87 between the duration beta 
estimates for the prime retail sector and the prime office sector. The expected return for these two 
sectors should, therefore, be negatively correlated. This finding has important diversification 
implications for a long-term investment in these two sectors. 
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Table 3.4 Comparison of Duration Beta and Time-varying Regression Beta 
 
(Source: Author, 2006) 
 
Table 3.4 shows that in the period between April 1997 and October 2001, the ranking of betas is 
different under each volatility approach. The ranking of the duration betas follows the order of 
“office-residential-retail”, while the ranking of time-varying regression betas follow a different 
order of “residential-office-retail”. However, these rankings may well be just a difference of the 
rank-order between the ex ante and ex post approaches of the volatility analysis.  
 
 
3.4 The Real Estate Asset Total Risk Estimation under the Duration and GARCH Models  
 
In order to estimate the real estate asset, sector or market total risk, this paper utilizes “The 
Real Estate Asset Total Risk Duration Model” of equation (1.30), which is derived under 
section 1.3 The Theoretical Framework of Analysis for this research & Research Hypothesis. 
The JLL REIS-Asia dataset that is discussed in section 3.2 on “The Data Set” is deployed for 
this purpose. From the JLL REIS-Asia quarterly data set, it is found that the average duration 
of the Singapore real estate market is close to 21.7 years. The variance of the change in the 
Singapore real estate market yields is found to be around 0.0013. Substituting these two 
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estimated results into equation (1.30), and taking the square root, would give an average 
standard deviation of 0.782% quarterly.  
Duration Risk and GARCH Risk 
Equation (1.30) estimates the variance of the quarterly capital value growth of the wider 
Singapore real estate market at a single point in time, t. The model can also develop time varying 
estimates of total risk. To investigate how good these estimates are, they need to be compared 
with an alternative method of estimating the total risk over time. The alternative estimation 
method is the GARCH model, which can be utilized to estimate the conditional variance of the 
quarterly capital value growth of Singapore’s real estate market (see Bollerslev and Wooldridge, 
1992). The total risk of the Singapore real estate market is estimated under both the “Duration 
Risk” model (i.e. the real estate asset total risk duration model) and the “GARCH Risk” model, 
and they are depicted in Fig 3.3. The profile developed using equation (1.30) can be considered to 
be an estimate of the expected total risk whereas the GARCH risk model measures the realized 






−− ++= ttt w βσαεσ              (3.4) 
Since 2tσ  is the one-period (quarter) ahead forecast-variance, based on past information, it is 
known as the conditional variance function comprising three terms: a constant term w; the ARCH 
term 2 1−tε  where news about the volatility from the previous period are measured as the lag of 
the squared residual from a mean equation; and the GARCH term 2 1−tσ  representing the last 
period's forecast variance. The “(1, 1)” in the GARCH (1, 1) denotes the presence of a first-order 
autoregressive GARCH term and a first-order moving average ARCH term. This model’s errors 
also follow a heteroskedastic ARMA (1, 1) process where any volatility shock should die out 
slowly. The GARCH (1, 1) model estimates are presented in Table 3.5 below. 
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Table 3.5 Estimated GARCH (1, 1) Model for Total Risk, Singapore’s Real Estate Market 
Dependent Variable: Total Returns, Singapore Real 
Estate Market (% per qtr)   
Method: ML - ARCH   
Sample: 1990:3 2001:4   
Included observations: 46   
Variance backcast: ON   
 Coefficient Std. Error z-Statistic Prob.   
C 17.49880 88.26730 0.198248 0.8429 
 Variance Equation   
C 12723.21 15080.04 0.843712 0.3988 
ARCH(1) -0.034576 0.057473 -0.601609 0.5474 
GARCH(1) 0.589448 0.529965 1.112239 0.2660 
R-squared -0.000473 Mean dependent var 20.54109 
Adjusted R-squared -0.071935 S.D. dependent var 141.4573 
S.E. of regression 146.4568 Akaike info criterion 12.82804 
Sum squared resid 900882.9 Schwarz criterion 12.98705 
Log likelihood -291.0448 Durbin-Watson stat 2.044511 
(Source: Author, Eviews 5 Program, 2006) 
 
Of relevance would be the Akaike and Schwarz information criteria in Table 5 that test for model 
selection on the basis of striking a balance between goodness of fit and parsimony. These two test 
criteria are not excessive (as low values are preferred), implying that the GARCH (1, 1) model is 
appropriately selected. It can be readily observed from Figure 3.3 that the period after 1995 
shows a strong positive correlation between the “Duration Risk” model and the “GARCH Risk” 
model. However, prior to 1995, the correlation is weak. The difference may well be attributed to 
the nature of the risk measurement itself because the two models measure what investors expect 
and what is realized respectively. Since May 1996, the introduction of the Singapore 
government’s anti-speculation policy to deter speculation in the real estate market, has 
contributed a significant part to a declining trend in the duration measure of the real estate market 
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Fig 3.3 Comparison of GARCH and Duration Measures of Total Risk 
 (Source: Author; Eviews 5 program, 2006) 
 
 
3.5 Concluding Comments 
 
The modified duration, which is often used in the price analyses of fixed-income assets (i.e. 
bonds) and stocks, has the potential of being uniquely modified to be the direct real estate 
duration model for a real estate sector or its wider real estate market. The direct real estate 
duration model can then be structurally modeled and utilized to estimate the return volatility of a 
direct real estate asset (or sector) relative to the real estate market, i.e. the direct real estate 
sector’s systematic risk as well as the particular real estate sector’s or market’s total risk. The 
direct real estate duration model can even be based on information readily available and known to 
the valuer. No past time series data is involved. The limitation is that the accuracy of the 
approach would depend on a valuer’s ability to anticipate changes in the real estate asset (or 
sector) yield. Another limitation is that the model incorporates constant expectations with respect 
to real estate risk premiums and the risk free rate of return. Hence, the direct real estate duration 
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model offers good potential in a number of areas such as estimating the direct real estate expected 
returns, asset allocation, risk monitoring and performance measurement. 
 
From an in-depth investigation of the prime real estate sectors of Singapore, and utilizing the JLL 
REIS-Asia data set, the derived duration betas for the prime office sector and the prime retail 
sector are on the whole very stable, relative to the prime luxury residential sector. Furthermore, 
the negative correlation analysis between the duration beta of the prime retail and office sectors 
highlights the importance of diversification for a long term investment in these two prime sectors.  
 
As for the direct real estate systematic risk, this paper compares the direct real estate duration 
beta estimates with the time-varying beta regression estimates for each of the three prime real 
estate sectors. Except for the prime office sector, both the duration beta and the time-varying beta 
profiles follow the same general trend. In general, the luxury residential sector and the prime 
office sector are inclined to move in opposite direction. However, the prime office sector shows 
greater volatility in the duration beta compared with the time-varying beta. This may imply that 
investors are expecting greater volatility in expected returns than is realized in the historic returns. 
Nevertheless, it is the just the opposite trend for the prime retail sector, where the time-varying 
beta of this sector shows greater volatility than its associated duration beta. Another key 
observation of this retail sector is that the time-varying beta tends to be overstated when 
compared with the duration beta. There are two possible reasons: first, the time-varying 
regression beta is a generalized model, and therefore fails to accurately estimate the systematic 
risk, i.e. the wider direct real estate market risk; secondly, inaccuracies may well come from the 
evolving α and β, in equations (3.1) to (3.3), which may not have been properly represented by 
the time-varying regression model. 
 
Finally, the total risk of the wider direct Singapore real estate market is estimated under both the 
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‘Real Estate Asset Total Risk Duration Model’ and the ‘GARCH Risk’ model. It is readily 
observed that the period after 1995 shows a strong positive correlation between the ‘Real Estate 
Asset Total Risk Duration Model’ model and the ‘GARCH Risk’ model. However, prior to 1995, 
the correlation is weak. The difference may well be attributed to the nature of the risk 
measurement itself because the two models measure what investors expect and what is realized 
respectively. Since May 1996, the introduction of the Singapore government’s anti-speculation 
policy to deter speculation in the real estate market, has contributed a significant part to a 
declining trend in the duration measure of the real estate market total risk for Singapore. 
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CHAPTER FOUR  
 
STRUCTURAL SIMULATION OF EX ANTE, NON-NORMAL DIRECT REAL 





Risk and return are inherent elements in the investment of a direct real estate asset, and the 
investment prerequisite is that an initial capital outlay requires an expected (i.e. a minimum 
required) flow of future income. The future income flow may well be indefinite and there is an 
inherent risk in the investment. Risk refers to the variability of returns that is associated with an 
investment owing to movements in financial variables, and is usually measured by the standard 
deviation (σ) or volatility of unexpected outcomes. There is also an inherent risk in real estate 
markets owing to the mismatch in timing between new supply and demand shocks. This paper 
focuses more on how the level of risk will change as the level of variability in the financial 
variable movement changes. 
 
Thus there is a need for investors to ascertain the level of risk in direct real estate assets. The 
measurement of real estate risk, in conformity with modern portfolio theory (MPT), should reflect 
an investor’s ex ante expectations, rather than to focus on what has happened in the past. One of 
the most important assumptions of the Capital Asset Pricing Model (CAPM) theory is that 
investors base their decisions on expected return and risk and the basic tenet of the MPT theory is 
to maximize the expected return and minimize the standard deviation of the return. Historic 
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measures of risk are merely helpful in forecasting expected risk under set scenarios. Owing to 
limited empirical data availability, statistical techniques such as sensitivity analysis, probability 
and also Monte Carlo simulation are typically used in real estate risk assessment to overcome this 
problem. Real estate structural risk factors can even be further investigated via these methods, 
and this is of much significance since the real estate risk factors in turn affect the portfolio return. 
Therefore this paper views risk purely from the aspect of investors’ expectations upon which lays 
the foundation of MPT. The historical measures of risk are only useful under very contrived or 
controlled scenarios, where the alternatives are clear and experiments can conceivably be 
repeated. However, very often the “past” may well not be an accurate predictor of the future and 
corresponding expected returns. Although most of the current principal investment asset classes 
or markets have well established time series of returns that can be used in the estimation of future 
expected risks and returns, this, however, is not case for new products in the real estate markets. 
Thus, an estimation of the expected risk and return is indispensable in direct real estate 
investment.  
 
This chapter’s main objective is to rigorously integrate the bond duration-convexity concept, the 
beta distribution function and the real estate equivalent yield valuation model for the purpose of 
better risk estimation and definition, where limited information for a specific direct real estate 
asset is available. The integrated risk model is able to estimate several key direct real estate risk 
measures, via a beta distribution sub-model that includes kurtosis, the mean absolute deviation, 
the Sharpe ratio, value at risk, low partial moment of the nth order, and the direct real estate asset 
duration and convexity. These risk-measure estimations are in turn utilized to derive the expected 
total returns (and the expected capital values) at the level of the direct real estate asset. The 
resulting low partial moment risks, the direct real estate asset duration and convexity provide 
further insights into the nature of the risk-adjusted return for a specific and direct real estate asset 
but on the basis of limited and available information for rents, real estate sector yields, the 
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change in yields, lease maturity period and the risk-free rate of interest. In this way, the direct 
real estate structural risk factors can be further investigated, and this is of much significance 
since such risk factors in turn affect the portfolio return, say, the internal rate of return (IRR). The 
subsequent investigation of a certain key direct real estate risk factor, while controlling the other 
remaining risk factors, will surely shed light on the risk behavior of the real estate portfolio 
return, and should offer better insights to enable the investor to adjust his exposure to the 
volatility of a direct real estate risk factor (i. e. the risk source). 
 
The integrated direct real estate risk-measure estimation model utilizes the Jones Lang LaSalle 
Real Estate Information Service-Asia (JLL REIS-Asia), for the prime office sector in Singapore 
and Hong Kong for year 2002. As a result, this paper hypothesizes that the expected total returns 
and expected capital values for a direct real estate asset are principally generated from the 
following parameters: 
 
• Passing rent 
• Current rental value 
• Expected yields and yield changes 
• Lease maturity period 
• Risk-free rate of interest 
 
The rest of this chapter is divided into several sections. After the introduction comes the review of 
the related literature pertaining to modeling the estimates of the direct real estate expected risks 
and expected returns. Section 4.2 is the theoretical framework of analysis, which covers the 
duration model, the real estate asset volatility relative to a market index, the real estate duration 
and its measurement, as well as the low partial moment (LPM) risk. Section 4.3 investigates the 
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development of the integrated direct real estate risk estimation model and the corresponding 
return model on an ex ante basis but within the comparative context of two real estate markets – 
the prime Singapore office market and the prime Hong Kong office market. Section 4.4 is 
concerned with a comparative examination of the model results and those obtained from a 
structured Monte Carlo simulation model. The final section of this chapter is the conclusion with 
recommendations for future research.  
 
 
4.2 The Theoretical Framework of Analysis 
 
Expected Utility Theory (EUT) 
 
In the mid 1940s, Von Neumann and Morgenstern developed the expected utility theory (EUT). 
The expected utility theory states that the decision maker chooses between risky or uncertain 
prospects by comparing their expected utility values, i.e., the weighted sums obtained by adding 
the utility values of outcomes multiplied by their respective probabilities.  
 
According to the EUT, in the presence of risky or uncertain investment prospect, the investor as a 
decision maker first needs an assessment of risk exposure. Probability assessments provide a way 
of characterizing the nature and the extent of individual risk exposure. Secondly, the investor 
makes the decision upon his individual risk preferences, which are represented by the utility 
function U(w), where w is the income from this investment. To make the EUT consistent with the 
human behavior, four key assumptions are made to the expected utility function as follows: 
 
Assumption 1 (Ordering and transitivity) 
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y For any random variable W1 and W2, exactly one of the following must hold:  
     W1≥ *W2, W2 ≥ * W1, or W1~*W2    (Ordering) 
y If W1≥ *W2, and W2 ≥ * W3, then W1≥ *W3.  (Transitivity) 
Where, W1~*W2 denotes indifference between W1 and W2; 
      W1≥ *W2 denotes that W2 is not preferred to W1; 
      W1≤ *W2 denotes that W2 is preferred to W1. 
 
Assumption 2 (Independence) 
 
For any random variables W1, W2, W3, and any π  (0<π <1), then W1≤ *W2 if and only if  
      π W1+ (1-π ) W3≤ *π W2+ (1-π )W3  
, which means the preferences between W1 and W2 are independent of W3. 
 
Assumption 3 (Continuity) 
 
For any random variables W1, W2, W3, where W1≤ * W3≤ * W2, there exist numbersπ 1 and π 2, 
0<π 1<1, 0<π 2<1, such that 
      W3≤ *π 1W1+ (1-π 1) W2 and  
      W3≥ *π 2W1+ (1-π 2) W2 








Under those above assumptions, for any risky prospects W1 and W2, there exists a utility function 
U(W) representing individual risk preferences such that 
W1≥ *W2 if and only if EU (W1) ≥EU (W2) 




In the expected utility model, each decision-maker has a utility function representing his risk 
preferences. To well understand the investor’s risk behavior, the concept of the risk premium is 
introduced. Risk premium (R) is defined as the sure amount of money a decision maker would be 
willing to receive to become indifferent between receiving the risky return w, versus receiving the 




R can be negative, zero or positive depending on the nature of individual risk preferences. A 
decision maker is said to be risk averse, risk neutral or risk loving if his risk premium is positive, 
zero or negative respectively. In addition, Arrow and Pratt (1964) introduce the Arrow-Pratt 
measure of absolute risk aversion and reveal a relationship between the risk premium and the 
variance of w: 
)()/(
2
1 wVarUUR ⋅′′′−=                                        
The term )/( UU ′′′−  is positive owing toU ′′ , U ′ being respectively negatively and positively 
signed. It is consistent with the concave Von-Neumann-Morgenstern utility function, which also 
indicates convex indifference curves (for risk aversion). Hence, a natural measure of the degree of 
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risk aversion is the degree of convexity of the indifference curves, which can be defined 
as )/( UUr ′′′−= .  
 
Expected utility theory (EUT) essentially denotes the Markowitz mean-variance utility theory, 
which can be a very meaningful criterion for portfolio selection. Levy and Markowitz (1979) 
have empirically demonstrated that the ordering of portfolios through the mean-variance rule is 
identical to that ordering obtained by maximizing expected utility for various utility functions and 
the historical distributions of returns. Under such a mean-variance utility theory, the integrated 
model of the current research paper, which can be derived from specifically the bond 
duration-convexity concept, Beta probability density function and the direct real estate equivalent 
yield concept, provides an alternative measurement of variance in the form of the direct real 
estate asset risk on an ex-ante basis. The corresponding expected utility, E[U(W)], is associated 
with the direct real estate asset’s rental income stream (W) from an uncertain investment prospect, 
while the corresponding variance is denoted by the direct real estate asset’s changing equivalent 
yield. It is imperative to first consider that expected utility broadly depends on the form of the 
utility function U(x) and on the distribution of W. Then, suppose that the distribution of W can be 
completely characterized by a vector of parametersα  and a certain probability density function 
of W, which is f(W, α ). As a consequence, expected utility can be expressed as: 
dWWfWUWUE ∫+∞∞−= ),()()]([ α                          
The integral on the right-hand of above equation is a function ofα  and W is just the variable of 
integration. Hence, E[U(W)] can be validly represented by U(α ) and it is directly associated 
with a certain probability distribution (density function) of the income stream. However, in 
Markowitz’s mean-variance utility theory, the return distribution is often supposed to be normally 
distributed. Nevertheless, in direct commercial real estate market, specific factors relating to the 
nature of the lease contract may well give rise to skewness in the distribution of the commercial 
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real estate returns. In particular, the use of long-term lease contracts in the commercial real estate 
market, typically embedded with upward-only rent reviews, would skew the payoffs associated 
with holding commercial real estate assets. Hence, this current research paper utilizes the highly 
flexible Beta distribution for a specific direct real estate asset return, which is commonly used to 
represent the total-return variability over a fixed range. The Beta distribution is capable of 
capturing asymmetry as well as excess kurtosis, and can therefore readily proxy the direct 
commercial real estate return distribution. The probability density function for the Beta 
distribution is  





βα WW      0<W<1; 
               0                     elsewhere                   
Hence, expected utility can be represented below: 






+Γ= ∫ βαβα βα             
This equation in turn can be represented by a function ),( βαU . Thus, the expected utility 
function ),( βαU is a valid representation of the investor’s preferences toward uncertain rental 
income prospects through two parameters: the alpha and beta parameters of the beta probability 
density function. The mean and variance of the rental income distribution can be expressed as 
)1()(







4.3 The Integrated Direct Real Estate Risk Measure Model 
 
This chapter is concerned with the rigorous integration of the bond duration-convexity, the Beta 
distribution function, and the real estate equivalent yield valuation conception to model the 
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estimation of several key direct real estate risk measures on an ex ante basis (in the presence of 
limited information of a direct real estate asset). Such an integrated direct real estate risk-measure 
model is able to estimate the expected total returns for a direct real estate asset via a Beta 
distribution, for which a computerized sub-model is specially programmed. This integrated 
risk-measure model is depicted in Appendix 4.3 under a spreadsheet format, and the sub-model of 
the Beta distribution is denoted as the MATLAB program for the “Harry Potter” sub-model in 
Appendix 4.2. With limited and available information, for e.g., from real estate consultants or 
valuers, pertaining to a specific direct real estate asset and its wider real estate market(s), the 
integrated risk-measure model deploys the concepts of duration and convexity, the LPM and the 
beta distribution, in order to estimate the expected total returns and capital values for the specific 
direct real estate asset. This integrated risk-measure model estimates several key measures, which 
include kurtosis, skewness, standard deviation, variance and value-at-risk.  
 
The Beta Distribution 
 
The Beta distribution is an integral part of the integrated direct real estate risk-measure model, 
which is utilized to generate a distribution of the total return for a specific direct real estate asset, 
on an ex ante basis, in the light of limited information. The Beta distribution for the specific 
direct real estate asset return is appropriate because the Beta distribution is a highly flexible 
distribution, commonly used to represent the total-return variability over a fixed range. In direct 
commercial real estate markets, specific factors related to the nature of the lease contract may 
well give rise to the skewness in the distributions of the commercial real estate returns. In 
particular, the use of long-term lease contracts in the commercial real estate market, typically 
with embedded upward only rent reviews, skews the payoffs associated with the holding 
commercial real estate. 
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The Beta distribution is capable of capturing asymmetry as well as excess kurtosis, and thus can 
be readily used as the direct commercial real estate return distribution. Another consideration of 
this distribution is that the Beta distribution is cited in several research studies of total returns for 
the direct real estate assets in the UK and the US, Such as Lizieri and Ward (2001), 
Krystalogianni, A. and Tsolacos, S. (2004), and McDonald (1996). The beta distribution has the 
desirable feature that it can take on a wide variety of different shapes, yet is fully described by the 
values of only two parameters, the alpha and beta. Krystalogianni, A. and Tsolacos, S. (2004), in 
testing the normality of real estate return series of IPD data, apply The BestFit program (Palisade 
Corporation Copyright), which fits alternative distributions to frequency distributions and uses 
three tests to assess the goodness of fit of the theoretical distributions: the Chi-Square, the 
Kolmogorov-Smirnov and the Anderson–Darling test. All tests for normality reject the hypothesis 
that the normal distribution is an adequate fit of the observed returns; the Beta distribution 
appears the most plausible using all the tests. When the parameters are equal, the Beta 
distribution is symmetric. If either parameter has the value of 1 and the other being >1, the 
distribution is J-shaped. If alpha is smaller than beta, the distribution is positively skewered, and 
negatively skewered otherwise. Thus, the 2 main conditions underlying the Beta distribution are: 
 
(a) The uncertain parameter, alpha, is a random value between 0 and a positive value; 
(b) The shape of the distribution can be specified with the two positive parameter values 
for alpha and beta fixed. 
 
The most common target outcomes of the parameters that can be derived from the limited 
information will be the minimum, maximum and most likely ones. Although the two parameter 
values that are required for the Beta distribution may not be readily available, or easily worked 
out, they can be estimated through a structured Monte Carlo simulation, but from an appropriate 
part of the integrated ex-ante risk-measure model that precludes the Beta distribution sub-model. 
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The two parameter values for the Monte Carlo simulation are defined as “alpha 1” for alpha and 
“alpha 2” for beta. The alternative to the structured Monte Carlo simulation approach is the 
inclusion of the beta distribution sub-model which serves as an integral part of the integrated 
direct real estate risk-measure model. As depicted in Fig 4.2, the flow chart denotes the “Harry 
Potter” sub-model that represents the Beta distribution sub-model as a part and parcel of the 
direct real estate risk-measure (and return) model. The rectangles in Fig 4.2 represent the required 
computerized operations while the trapezoids represent the decision points. The “Harry Potter” 
sub-model program starts with the imputation of the two parameters, Alpha and b. It is required 
that 0<Alpha<1, 0<b, in order to satisfy the parameter requirements of the Beta distribution. In 
the first decision point, if 0<Alpha<1 condition is not satisfied, the program will enter the “NO” 
sub-routine. An algorithm with several parameters, such as a, b, q, t, d, the random numbers U1 
and U2 which are evenly distributed between 0 and 1, V, Y, Z, W and X will be carried out with 
decision points to make sure the conditions (such as X>=0, W>= Log(Z)) are satisfied in order 
obtain the estimated value of Y at the end of the program. If 0<Alpha<1 condition is satisfied in 
the first decision point, the program will enter the “YES” sub-routine in the left side of the flow 
chart. Evenly distributed random number U1 and parameter P will be assigned and an algorithm 
will be carried out with nested loops to make sure the conditions (such as P>1, U2<=Y^ (Alpha-1), 
and U2<=Exp (-Y)) are met in order to obtain the estimated value of Y at the end of the program. 
The “Harry Potter” sub-model is imperative because it generates a Gamma distribution for each 
of the two-parameter values, alpha and b. When the two distributions are combined, the beta 
distribution will be derived. Once the beta distribution is obtained, it will be rescaled in terms of 
the direct real estate yield (y), from which the duration and convexity are derived, and then used 
to provide the estimates of the direct real estate asset capital growth. The “Harry Potter” 
sub-model in MATLAB program and Visual Basic macro functionality format is attached in 
Appendix 4.2 for reference purposes. 
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Fig 4.2   The “Harry Potter” Sub-Model Flow Chart 
 
(Sources: Author. 2006) 
 
The Risk-Adjusted Expected Return 
 
In the selection of alternative investments that have differing expected returns and expected risks, 
one of the typical risk-adjusted return measures is the Sharpe ratio (SR). Considering an 
investment portfolio, p, with an expected return is Rp in the forthcoming period and its 
corresponding benchmark, b, with an expected return Rb, assume that all the returns are normally 
distributed. If d is the differential expected return, Rp - Rb, then the investment portfolio’s Sharpe 
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−==                   (4.4) 
, where σd is the expected standard deviation of d. The ex ante SR takes account of both the 
expected differential return between the portfolio and its corresponding benchmark portfolio, as 
well as the associated differential expected return risk. Since it utilizes risk-measure estimates 
before decisions are made, the SR is useful for decision-making, i. e. selection among alternative 
risky investments. Note that the SR refers to the differential between two portfolios. This 
differential reflects a self-financing investment portfolio, with the first component representing 
the acquired investment asset and the second reflecting the short position taken to finance that 
acquisition. 
 
Skewness and Kurtosis 
 
Please refer to Section “Skewness and Kurtosis” in 2.1 Traditional Risk Measures 
 
Value at Risk (VAR) 
 
Value at Risk is a single statistical risk measure of potential portfolio loss. VAR is the lowest 
quantile of the potential losses that can occur within a given portfolio during a specified time 




The delta-normal method assumes that all asset returns are normally distributed. As the 
investment portfolio return is a linear combination of normal variables, it is normally distributed. 
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This method consists of going back in time, for e.g. over the last 5 years, and estimating variances 
and correlations for all risk factors (variables). Portfolio risk is generated through a combination 
of the linear exposures to several risk factors that are assumed to be normally distributed, and 
through a forecast of the covariance matrix. The associated requirements are: 
 
• for each risk factor, there are forecasts of volatility and correlations; 
• for each risk factor,  there are forecast of exposure positions. 
 
The delta-normal method is the simplest method to implement. Drawbacks are the assumption of 
normal distributions for all the risk factors, and that all the investment assets are linear in the risk 
factors (for e.g. the absence of embedded option). 
 
Historical Simulation Method 
 
The historic simulation method consists of going back in time, for e.g. over the last 5 years, and 
applying current weights to the historical investment asset returns. The return series do not 
represent an actual portfolio but reconstruct the history of a hypothetical portfolio utilizing the 
current exposure position. If the investment asset returns are normally distributed, the VAR under 
this method should be similar to that the delta-normal method. The associated requirements are: 
 
• for each risk factor, there are time-series of actual movements; 
• for each risk factor, there are prevailing exposure positions. 
 
The historical simulation method is relatively simple to implement. A historical record of 
previous price changes must be kept while the distributions can be non-normal, and investment 
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assets can be non-linear in the risk factors. Its drawback is that only one sample path is utilized, 
which may not adequately represent future distributions. 
 
Monte Carlo Method 
 
The Monte Carlo simulation proceeds in two steps. First, the user specifies a stochastic process 
for the financial variables of interest as well as the process parameters. The choice of distributions 
and parameters (for e.g. risks and correlations) can be derived from historical data. Secondly, 
notional price paths are simulated for all the variables of interest. At each time horizon considered 
(for e.g. the month or quarter), the investment portfolio is marked-to-market at full valuation. 
Each of these “pseudo” realizations is then deployed to compile a distribution of returns, from 
which a VAR risk measure can be estimated. The associated requirements are: 
 
• for each risk factor, there is the specification of a stochastic process (i.e. the distribution 
and parameters);  
• for all assets in the investment portfolio, there are valuation models;  
• for each investment asset in the investment portfolio, there are prevailing exposure 
positions.  
 
The Monte Carlo method is the most sophisticated method, allowing for any distribution and the 
non-linear exposure of the investment assets to the underlying risk factors. However, this method 
requires more computer processing time, and a good understanding of the stochastic process that 
is utilized. 
 
The Required Data Input Values 
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It is essential to clearly state at the onset the data input values required by the ex ante integrated 
direct real estate risk-measure model, on the basis of observed market conventions. 
  
Equivalent (Rental) Yield 
 
This equivalent (rental) yield is a valuation term, typically used in the UK and the British 
Commonwealth Countries, which defines the pro-rated annual interest gain from a direct real 
estate (investment) asset as a percentage of its current market price. It is properly defined in eq 




This denotes the risk free rate of investment that is available if the investor is not inclined to take 
any form of risk. Thus, it is the minimum level of return that the investor expects before any form 
of investment is to be undertaken. In Singapore, the risk free rate is represented by treasury bonds 
offered by its central bank, the Monetary Authority of Singapore (MAS), in the range of 1.24% to 




This is the required rate of return set by an investor before undertaking any form of investment. 
The target return will always be higher than the riskless return as the investor factors the various 
forms of risk undertaken in investment into his target return. The risk types factored into the 
target return include the financial risk, the interest rate risk, the default risk and the prepayment 
risk among others. These risk types are deemed to be mutually exclusive, with no interactions 
between them. Each of these risks need to be taken into account and quantified, after which they 
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were added in turn to the riskless return percentage to obtain the target return.  
 
Expected (Rental) Market Yields 
 
The expected (rental) yields denote the set of forecasts of the market yields for each year of the 
forecast period, under a real estate market analysis provided by a real estate consultant or a real 
estate market index service provider. The expected market yields are the expected levels of 
returns that the investor can expect, based on the anticipated market performance. The ex ante 
integrated direct real estate risk-measure model utilizes the expected (rental) market yields from 
the Jones Lang LaSalle Real Estate Intelligence Service-Asia (JLL REIS-Asia) data set.  
 
 
4.4 The Integrated Risk-Measure Model Estimation 
 
The model estimation of the ex ante integrated direct real estate risk-measure model utilized the 
JLL REIS-Asia data set for the prime Singapore and Hong Kong office sectors and in particular, 
the data for 2002. This data consists of the Raffles office market data and the Shenton office 
market data for the Singapore prime office sector; the Central office market data and the Wan 
Chai office market data for the Hong Kong prime office sector, which are presented in Appendix 




For each set of market data, there will be firstly one structured Monte Carlo simulation model that 
is to be run per set. The simulation model’s structure is represented by the ex ante integrated 
direct real estate risk-measure model but without the “Harry Potter” sub-model. For simulation 
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purposes, the required inputs for the risk factors are presented in Appendix 4.4, in which these 
risk factors represent the set of limited information for the integrated risk-measure model. 
 
Among the input risk factors in Appendix 4.4, the equivalent (rental) yield is taken to be 
synonymous to the prevailing initial (rental) yield as they both represent the percentage yield that 
an investor will likely gain from his investment in a real estate asset (for e.g., an office building). 
Utilizing the Raffles Office market data for July 2002 as an example, the initial (annual) yield of 
5.1% is obtained according to eq (4.7), by dividing the effective rent by the capital value: 
 
  Yield Initial
Value Capital
Rent Effective =                         (4.5) 
 
   %1.5%055.5
948,11$
604$ ≈=  
 
However, the Effective Passing (Rental) Yield is at 5.7%, which implies that the actual rental 
income received per sqm is 
Effective Passing Yield × Capital Value = Current (Rental) Income 
                5.7% × $11,948 ≈ $681 per sqm p. a. 
 
Therefore, the current (rental) income will actually be higher than the rental value. With the same 
calculations performed on the rest of the market data, the risk-factor input values that are entered 
into the structured Monte Carlo simulation-model are presented in Table 4.1 (actual calculations 
are detailed in Appendix 4.5). Rental Values will be the effective rents. The interest rate of the 
long-term government bonds is utilized as a proxy for the risk free rate (the riskless return) in 
Singapore. After accounting for the weighted difference between the 2-year bond yields and 
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5-year bond yield rates, the rate of riskless return for a 3-year investment will range from 1.24% 
to 2.29%. (Appendix 4.6) 
 








($psqm p. a.) 
Rental Value 










5.1 – 5.2 681 – 685 604 – 668 5.3% 1.24% - 2.29% 3 
Shenton 
(Singapore) 
5.4 – 5.6 533 - 551 490 – 540 6.4% 1.24% - 2.29% 3 
Central 
(HK) 
5.2 – 5.5 4,725 – 4,799 3,864 – 4,462 6.6% 2.38% – 4.61% 3 
Wan Chai 
(HK) 
4.0 – 4.2 2,871 – 2,957 2,191 – 2,420 6% 2.38% –  2.61% 3 
(Source: Author, 2006; Crystal Ball program) 
 
In Hong Kong, the government does not issue government bonds. However, since 1993, the Hong 
Kong dollar fixed income debt instruments-Exchange Fund Notes (EFNs ) have been issued for 
the account of the Exchange Fund by the Hong Kong Monetary Authority (HKMA) under the 
Exchange Fund Ordinance, with an intention to replace the Government Bond Program with the 
Exchange Fund Note Program. The EFNs are utilized here as a proxy. As a 3-year period is 
included in the range of the time period for these EFNs, there is no need to calculate the weighted 
average. The rates for the 3-year EFNs are provided in Appendix 4.7. 
 
The results of the simulations are presented in Appendix 4.8 to 4.10 for reference purposes; the 
simulation results are further listed in Table 4.2. From the sensitivity analysis in Table 4.2, it 
                                                        
21 Values are based on Author’s expert judgment, which accounts for economic conditions and 
types of risk mentioned in the earlier section of “The Required Data Input Values”. 
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shows the Equivalent Yield of Raffles, Shenton, Central and Wan Chai will drop respectively 
-0.94% ~ -0.97% with 1% increase in the riskless rate; while the Rental Value for the 4 markets 
increase 0.18%-0.38% respectively. The modified duration’s sensitivity is correctly negatively 
signed with respect to the equivalent value (EY), with a high sensitivity value range between 
-0.94~ -0.97; while, as expected, positively signed with respect to the rental value (RV), with the 
highest sensitivity values , 0.35 and 0.38, for the prime Singapore Shenton office market and the 
prime HK Central office market respectively. 
 
Table 4.2   Summary of Modified Duration Simulation Results 




Central    
(HK) 
Wan Chai   (HK) 
Modified Duration (in 
yrs) 
(with 80% probability) 
19.20 – 19.67 17.85 – 18.26 18.00 – 18.72 23.34 – 24.15 
Modified Duration’s 
Sensitivity Values with 









Mean of the Modified 
Duration (in yrs) 
19.43 18.05 18.36 23.74 
Std. Deviation 0.18 0.15 0.26 0.29 
Variance 0.03 0.02 0.07 0.08 
Skewness 0.00 0.07 0.02 0.09 
Kurtosis 2.19 2.49 2.42 2.36 
* EY = Equivalent Yield     RV = Rental Value 
(Source: Author, 2006; Crystal Ball program) 
 
From the simulation results in Table 4.2, the modified duration shows a relatively symmetrical 
distribution for all the 4 office markets, with only a mild level of positive skewness in the range 
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between 0.02 and 0.09. In contrast to the standard normal distribution’s kurtosis of 3, the various 
distributions of the modified duration for the 4 markets are platykurtic with the corresponding 
kurtosis in the range between 2.19 and 2.49, implying a comparatively fatter distribution range. 
 
Table 4.3   Summary of Simulation Results for Total Returns less than Target 




Central    
(HK) 
Wan Chai   
(HK) 
TR < TaR 
(with 80% probability) 
1.6% - 21.6% 0.0% - 25.4% 14.2% - 55.4% 56.0% – 93.8% 
TR(<TaR)’s Sensitivity 
Values with respect to 









Mean of the TR (<TaR) 9.7% 8.4% 33.7% 77.7% 
Std. Deviation 8.4% 11.6% 15.8% 14.4% 
Variance 0.7% 1.4% 2.5% 2.1% 
Skewness 1.56 1.83 0.42 -0.77 
Kurtosis 6.03 6.02 2.56 2.91 
* TaR = Target Return TR=Total Return   EY = Equivalent Yield 
(Source: Author, 2006; Crystal Ball program) 
 
Table 4.3 subsequently presents the simulation results pertaining to the total returns being less 
than the target return (TaR) with 80% probability, such as the variance, standard deviation and the 
relevant statistical tests. It is observed that the range for the standard deviation and variance 
concerning the total returns are very small, indicating that the dispersion of these values is mostly 
around the mean. 
 
Values for the probability of the total returns less than target (with 80% probability) indicate 
greater differences among the 4 prime office markets. The prime Raffles office market appears to 
offer a relatively low risk-adjusted total return with a mean of 9.7% and a standard deviation of 
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8.4(an excess total return of 9.7% - 8.4% = 1.3% or 130 basis points). Positively skewed with a 
very high peak (leptokurtic) as indicated by the kurtosis of 6.03, implies that most of the 
distribution reflects minimum values that signify low probability. The prime Shenton office 
market offers a non risk adjusted total return with a mean total return of 8.4% that is well below 
the corresponding standard deviation of 11.6%. The Shenton office market has a more risky total 
return due to its higher standard deviation and variance values. Table 4.3 also shows the 
sensitivity of Total Return (TR) to the target rate of return. The TR for Raffles and Shenton will 
respectively increase 0.92% and 0.95% if the target rate of return increases 1%, while decrease 
respectively -0.29% and -0.26% with 1% increase in the Equivalent (rental) Yields.  
 
However, from Table 4.3, both the prime Central and Wan Chai office markets in HK offer 
relatively high risk-adjusted total returns, with a 33.7% mean total return and a 15.8% standard 
deviation for Central; and with 77.7% mean total return and a 14.4% standard deviation for Wan 
Chai. Their total return distributions tend to be symmetrically distributed with a flatter peak 
(kurtosis values being 2.56 and 2.91), relative to the standard normal distribution’s kurtosis of 3.0. 
Nevertheless, the prime Wan Chai office market has a negatively skewed value, indicating that its 
total return distribution tends towards the higher end of its positive total returns. The sensitivity 
analysis in Table 4.3 shows that 1% increase of target rate of return will cause the total return 
(being less than the riskless return) of Central and Wan Chai to increase a same amount of 0.88%; 
while decrease -0.45% with 1% increase in the equivalent rental yields for Central and Wan Chai. 
It is readily presented that the total returns being less that the target return is positively related, as 
expected, to the target return (TaR), and with much high sensitivity values (between 0.88 and 0.92) 
for all the prime office markets. On the other hand, the sensitivity of total returns being less than 
TaR is correctly negatively signed with respect to the direct real estate asset equivalent rental 
yield, and a further relatively high and negative sensitivity value, -0.45, is found for the prime HK 
Central  and Wan Chai office markets.  
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Table 4.4   Results of the Probability of Total Returns < Riskless Returns from Simulation 




Central  (HK) Wan Chai   
(HK) 
TR < RR 0.4% – 3.2% 0.0 %– 0.0% 10.6%–26.4% 46.0%–70.0% 
TR(<RR)’s Sensitivity 
Values with respect to 









Mean of the TR(<RR) 1.6% 0.0% 18.2% 57.9% 
Std. Deviation 1.1% 0.1% 6.0% 9.1% 
Variance 0.0% 0.0% 0.4% 0.8% 
Skewness 0.94 6.48 0.34 0.02 
Kurtosis 3.57 60.50 2.80 2.46 
*EY = Equivalent (Rental) Yield  TR = Total Return     RR = Riskless Return 
(Source: Author, 2006; Crystal Ball Program) 
 
Table 4.4 presents the summary of the simulation results for TRs less than the riskless return (the 
risk free rate). The Shenton office market is exceptional in offering a 0% TR, as reflected by the 
extreme positive skewness and kurtosis. The Raffles office market behaves similarly on the whole, 
indicating a low TR that is below the riskless return. However, the Central and Wan Chai office 
markets show much higher risk-adjusted TRs with 57.9% mean TR and 9.1% standard deviation 
for Wan Chai, and with 18.2% mean TR and 6.0% standard deviation for Central. As a result, 
Wan Chai will be attractive to the risk-taking real estate investors. Observed from the results in 
Table 4.4, the total returns being less than the riskless return (RR) are sensitive to the RR, and 
move in the same direction with it; while highly sensitive to the direct real estate equivalent rental 
yield (with sensitive values between -0.16~-0.87). 
 




Finally, the complete and ex ante integrated direct real estate risk-measure model, inclusive of the 
“Harry Potter” sub-model, is run for the data set of the 4 prime office markets in Singapore and 
HK. The model findings are presented in Table 4.5 and Table 4.6, from which it can be observed 
that the modified duration on the whole is highly sensitive to the equivalent yield (EY) and the 
Rental Value (RV). By marginally changing EY and then RV, while the rest of the model’s limited 
information set is kept constant, and ceteris paribus, then the impact on the modified duration can 
be readily observed in Table 4.5 and Table 4.6 (details are presented in Appendix 4.11 for 
reference purpose). 
 
Table 4.5   Sensitivity Results on Modified Duration with Marginal Change in the 
Equivalent Yield 
Prime Office Market Initial Equivalent 
Yield 
+1% -1% 
Raffles (Singapore) 5.1% 6.1% 4.1% 
Modified Duration(in yr) 19.43 16.22  (-16.52%)* 24.20   (24.55%) 
Shenton (Singapore) 5.5% 6.5% 4.5% 
Modified Duration (in yr) 18.06 15.26  (-15.50%) 22.09   (22.31%) 
Central (HK) 5.4% 6.4% 4.4% 
Modified Duration (in yr) 18.18 15.30  (-15.84%) 22.37   (23.05%) 
Wan Chai (HK) 4.1% 5.1% 3.1% 
Modified Duration (in yr) 23.74 18.98  (-20.05%) 31.57   (32.98%) 
* All numbers in brackets are the percentage of change in the Modified Duration. 
(Source: Author, 2006) 
 
In the three prime office markets of Raffles, Shenton and Central, Table 4.5 shows that an 
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increase in 1 percentage point in the equivalent yield (EY) will result in an approximate decrease 
of 15.50% to 16.52% to the modified duration, while a much lager decrease of 20.05% for the 
Wan Chai office market. When the Equivalent Yield drops by 1 percentage point, the modified 
duration increases from 23.05% to 24.55% for the first 3 office markets of Raffles, Shenton and 
Central, while the Wan Chai office market shows a highly significant increase of 32.98%. 
 
It can be readily observed in Table 4.6 that for all the 4 office markets in general, a 10% increase 
on the initial rental value (RV) will effectively result in a 1.18% to 1.32% increase in the 
modified duration in year terms, while a 10% decrease on the initial RV will result in a 1.43% to 
1.65% decrease in the modified duration in year terms. 
 
Table 4.6   Sensitivity Results on Modified Duration with Marginal Change in the Rental 
Value (RV) 
Prime office market Initial Rental Value +10% change in RV -10% change in RV
Raffles (Singapre) S$636 S$700 S$572 
 Modified Duration (in yrs) 19.43 19.67   (1.24%)* 19.14   (-1.49%) 
Shenton (Singapore) S$515 S$567 S$463 
Modified Duration (in yrs) 18.06 18.29    (1.27%) 17.78   (-1.55%) 
Central (HK) HK$4,163 HK$4,580 HK$3,746 
Modified Duration (in yrs) 18.18 18.42    (1.32%) 17.88    (-1.65%)
Wan Chai (HK) HK$2,306 HK$2,437 HK$2,075 
Modified Duration (in yrs)  23.74 24.02    (1.18%) 23.40    (-1.43%)
*All numbers in the brackets are the percentage of change in the modified duration. 
(Source: Author, 2006) 
 
From Table 4.7, the corresponding LPM risk measures are presented where the 3rd-order LPM for 
the risk-averse investor is estimated to be relatively high 0.185, while the 0.5th-order LPM for the 
 97
aggressive investor is very low at 0.012. The associated reward (return) per unit of LPM risk is 
very low at about 0.52 for the direct real estate risk-averse investor; while, as expected, it is very 
high at about 8.24 for the aggressive direct real estate asset investor. 
 
Table 4.7 Risk Estimates via Low Partial Moment (LPM) Approach 
LPM risk Preference Aggressive                                Averse 
The order of LPM  0.50 1.00 2.00 3.00 
LPM Risk 0.012 0.031 0.081 0.185 
Return/LPM (%) 8.241 3.104 1.166 0.515 
(Source: Author; 2006) 
 
 
4.5 Concluding Comments 
 
Chapter four of this research demonstrates that in the presence of a set of limited available 
information comprising a direct real estate asset’s passing (annual) rent, the current rental value, 
the expected yields and the yield-growth movements from a real estate market analysis conducted 
by a real estate consultancy or service provider, the risk-free rate and the lease maturity period, it 
is readily feasible to model and rigorously estimate several key risk measures as well as the 
expected returns. They can be achieved through an ex ante integrated direct real estate 
risk-measure model that innovatively combines the bond duration-convexity risk conception, the 
Beta distribution function and the real estate equivalent (rental ) yield valuation conception. The 
integrated risk-measure model findings, conducted under the structured Monte Carlo simulation 
but without the Beta distribution sub-model, the “Harry Potter” computable program, will suggest 
that higher risks do not necessarily result in higher total returns. Although the levels of total 
return among the four prime office markets of Raffles (Singapore), Shenton (Singapore), Central 
(HK) and Wan Chai (HK), do differ slightly; the associated level of risk appears to differ to a 
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greater extent. Wan Chai (HK) has the highest duration value of 23.7 years and the lowest 
equivalent yield, while Shenton (Singapore) has the lowest duration value of 18.1 years and the 
highest equivalent yield. However, in both markets, the levels of targeted total returns do not 
differ greatly.  
 
Upon a sensitivity analysis, the complete and ex ante integrated direct real estate risk-measure 
model, which incorporates the “Harry Potter” sub-model program, suggests that the equivalent 
(rental) yield is the most significant risky input factor affecting the modified duration and hence, 
the expected total return. This implies that this equivalent (rental) yield is more important a factor 
for risk-averse investors to form an expectation of the equivalent yield of a direct real estate asset, 
within the wider context of the real estate market yield. The distinct advantage of the complete 
and ex ante integrated risk-measure model over other traditional models for the direct real estate 
risk measures is that no past time-series data is involved. Such a rigorous model can readily 
model and estimate the key risk measures and the expected returns of the new direct real estate 
assets, which do not have historical data. In addition, the resulting model estimation of several 
key risk measures into the ex ante integrated model enables the user of the model to compare the 
model results with actual performance, as it unfolds over time. 
 
In this chapter, the ex ante integrated direct real estate risk-measure model is merely applied to 
the prime office sector. Further investigative research can be carried out in the other real estate 
sectors, such as the industrial or commercial sectors to estimate the distribution of total returns 
and risks. This section concentrates on the concepts of the direct real estate duration, convexity 
and the Beta distribution; some other appropriate distributions for the expected direct real estate 










Based on the well-established financial theories such as duration, convexity, the CAPM, and the 
real estate equivalent yield model, the author in this research builds a model for the ex ante 
measurement of the direct real estate systematic risk and the direct real estate total risk, in terms 
of the non-linear exposure to movements in the direct real estate yield. Furthermore, an empirical 
validation is carried out to estimate the direct real estate duration beta and the time-varying beta, 
within the context of Singapore’s real estate market that comprises the luxury residential, the 
prime office and the retail sectors. In the meantime, with an aim to estimate the direct real estate 
total risk, the author restructures the resulting and ex ante direct real estate modified duration 
model and assesses the measurement in comparison with a GARCH (generalized autoregressive 
conditional heterogeneity) risk model. In a further investigation, the author models a unique 
direct real estate risk-and-return estimation that rigorously integrates the bond duration-convexity 
concept, the Beta distribution function and the direct real estate equivalent yield valuation model. 
Limited information is being provided through the lease structure of a direct real estate asset, and 
no historical data is utilized in this research. 
 
Further empirical analysis shows that the modified duration, which is often used in the price 
sensitivity analyses of fixed-income securities and common stocks, has the potential of being 
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uniquely modified to obtain the direct real estate duration model for a real estate sector or its 
wider real estate market. The direct real estate duration model can then be structurally modeled in 
order to estimate the return volatility of a direct real estate asset (or sector) relative to its real 
estate market, i.e. the real estate sector’s systematic risk, as well as the particular real estate 
sector’s or market’s total risk. The direct real estate duration model can even be based on 
information readily available and known to the valuer. No past time series data is involved. Thus, 
the direct real estate duration model offers good potential in several areas like estimating the 
direct and expected real estate returns, the direct real estate asset allocation, direct real estate risk 
monitoring and performance measurement. 
 
The rest of this chapter is structured as follows. After this introduction come conclusions about 
research questions, in this part, a generalized answer to the research questions is given. 
Section 5.3 is mainly concerned with the theoretical implications of this research. In the 
end, limitations and recommendations for further research are briefed in Section 5.4.  
 
 
5.2 Conclusions about Research Questions 
 
Unlike stocks or bonds which are frequently transacted, real estate is sparsely transacted; Real 
estate is heterogeneous, which make it difficult to value a real estate asset accurately via “comps”; 
real estate prices are not reported to a centralized market; further there is a lack of information on 
real estate capital improvements and there will be a appraisal smoothing problem if we use real 
estate appraisal data in valuation. All these make it very difficult to measure precisely the real 
estate return and an appropriate risk measure for their investment portfolio is not readily available 
for real investors. Hence, very often real estate investors resort to return rather risk-adjusted 
return. This research however, introduces an ex ante risk measurement and return estimation 
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which involves no historical time series data, which the newly built or sparsely transacted real 
estate assets do not have. It reveals that it is possible to make use of the information available in 
the market to investigate their risk pattern or even generate an accurate estimation of the real 
estate investment return.   
 
What is the risk pattern of a direct real estate asset (or sector)? Does a higher return result in 
higher risk? In the lack of past time series of the newly built or rarely transacted properties, is it 
possible to make use of the information available in the market to investigate their risk pattern or 
even generate an accurate estimation of their return? The risk and return estimation model 
demonstrates on the whole that in the presence of a set of limited available information 
comprising a direct real estate asset’s passing (annual) rent, the current rental value, the expected 
yields and the yield-growth movements from a real estate market analysis conducted by a real 
estate consultancy or service provider, the risk-free rate and the lease maturity period, it is readily 
feasible to model and rigorously estimate several key risk measures as well as the expected 
returns. They can be achieved through an ex ante integrated direct real estate risk-measure model 
that innovatively combines the bond duration-convexity risk conception, the Beta distribution 
function and the direct real estate equivalent (rental) yield valuation conception. The integrated 
risk-measure model findings, conducted under the structured Monte Carlo simulation but without 
the Beta distribution sub-model, the “Harry Potter” computable program, would suggest that 
higher risks do not necessarily result in higher total returns. Although the levels of total return 
among the four prime office markets of Raffles (Singapore), Shenton (Singapore), Central (HK) 
and Wan Chai (HK), do differ slightly; the associated level of risk appears to differ to a greater 
extent. 
 
Theoretical and empirical research shows that equity duration represents an important common 
factor in stock returns; the book-to-market factor advocated by Fama and French (1993) acts as a 
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noisy proxy for an underlying duration factor. Equity duration measure captures the risks of 
stocks and helps explain the cross section of stock returns. Similarly, the duration measure of 
direct real estate investment assets capture the risks of the real estate investment and a further 
investigation of the relationship between the betas and durations could explain the return 
differences in different real estate investment strategies. This research has brought a breath of 
fresh air into areas such as real estate expected return estimation, asset allocation, portfolio 
management, risk monitoring and performance measurement and will fill a knowledge gap 
concerning the pricing of the direct real estate. 
 
 
5.3 Theoretical Implications 
 
Duration has been extended to the analysis of equity price in current finance research. It can be 
treated as the approximate percentage change in price for each 1% change in yield. Hence, it is 
clear that the volatility of an asset and its duration are closely related. This paper introduces the 
duration of a conventional valuation model to estimate the ex ante volatility and total risk of real 
estate asset. This approach has potential value even in estimating the risk of a new real estate 
asset where historic time series information is either limited or not available.  
 
This research has not only overcome the disadvantages of real estate data unavailability, but the 
problems such as appraisal smoothing and imperfect marketability of real estate. The modified 
duration, convex, the CAPM and the real estate equivalent yield model are structurally modeled 
for a measurement of the real estate systematic and total risk from an ex ante perspective, for 
which this model needs no past time series data. Further empirical vilification shows this model 
has the potential to measure the real estate systematic and total risk in an expectational form. The 
test of duration beta against the time-varying betas reveals that the time-varying betas tend to be 
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over-stated. It further reveals the luxury residential sector and the prime office sector are inclined 
to move in opposite direction in terms of both duration beta and time-varying beta. This has a 
significant meaning for real estate investors while making decisions on asset allocation and 
portfolio management. 
 
In recent financial literature, it has been tested that equity duration represents an important 
common factor in stock returns; the book-to-market factor advocated by Fama and French (1993) 
acts as a noisy proxy for an underlying duration factor22; equity duration measure captures the 
risks of stocks and helps explain the cross section of stock returns. In this research, we see the 
duration measure of direct real estate investment assets capture the risks of the real estate 
investment. The ex ante real estate systematic risk and total risk measurement give an initial 
exploration of the risk behavior in direct real estate investment. This risk measurement makes it 
possible risk-adjusted returns23 of the newly built and sparsely transacted properties whether past 
time series data is not available. 
 
 
5.4 Limitations and Recommendations for Further Research 
 
While this research has made many important and interesting findings, some of limitations should 
be noted as well. 
 
One of the main limitations of this research is that the accuracy of the real estate systematic risk and 
total risk estimation would depend on the valuer’s ability to anticipate changes in the real estate asset 
                                                        
22 See Dechow et al (2004), Pedro (2004), Brennan and Xia (2003) and Campbell and 
Vuolteenaho (2003) et al.  
23 In reality, real estate investors focus on returns rather risk-adjusted returns for a lack of 
appropriate risk measures (Wheaton et al 2001). 
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(or sector) yield; and the model of direct real estate risk and return estimation in chapter four 
depends on a set of limited input information. These limitations may well be overcome by taking the 
medium term provided by the different real estate consultants or advisory experts, many of which  
experts invest heavily in data collection, vetting and quality control with an aim to set up real estate 
market benchmarks on real estate price, rental, total return and capital value indices. These indices can, 
to much a large extent, accurately capture expectations concerning real estate market yields. 
 
Furthermore, the real estate systematic risk and total risk model assumes constant expectations with 
respect to real estate risk premium and the risk free rate of return. Based on the limitations of this 
research, further research could be made as follows: 
 
i) Due to the data unavailability of different real estate investment strategies, this research 
could not take the inflation flow-through impact on the cash flow into detailed account 
and further look into the relationship between the durations and betas of different real 
estate assets (or sectors). Further research could be made for an investigation of these 
issues and it can lead to more accurate real estate asset pricing and unravel the puzzle of 
return discrepancy for different real estate investment strategies.  
 
ii) The real estate risk and return model in this research is only carried out within the prime 
office sector; it can be further extended to other real estate markets such as industrial, 
residential and retail sectors to estimate the distribution of total returns and risks. 
 
iii) Further cross analysis of different regional markets can be done to find regional real 
estate sectors with the least risk for risk-adverse investors or to test their risk levels that 
accord with the individual investor’s acceptable threshold of risk. 
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iv) The real estate return distribution is much illusive and will be changing with different 
types of real estate investment, sectors of real estate market, and even the time 
intervals of return measurement. An investigation of an appropriate real estate return 
distribution is critical for the direct real estate investment risk behavior exploring. In 
the real estate risk and return estimation model, the author takes a beta real estate return 
distribution. A further appropriate distribution (such as lognormal or Maxwell distribution) 
for the expected real estate return could be investigated for a further understanding of real 
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Appendix 1.1  
 
The Mathematic Proof for eq (1.17) 
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−−−=                   (1.15) 
Further, rearranging eq (1.14) produces 










































In combination with eq (1.12), 









 on the both sides of eq (1.15) will produce the modified duration, *jtD , for the 










































−+=       (1.16) 
 
In the instance of a fully rack-rented real estate asset where the direct real estate rental value, RVjt, 
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Mathematic derivation of eq (1.29) 
 
By writing the change in value of the direct real estate asset j as the first two terms of a Taylor 
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Based on equation (1.12) and (1.17) and under assumption of a fully rack rented property, further 
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Rearranging and substituting jtD*  with
jty
1
, we transform eq (1.28) into: 






















The Duration Betas of the Three Prime Real Estate Sectors 
 
     
Prime Luxury 
Residential 
      
   Modified  Market  
   Duration(D*) 
Modified 
Duration BETA 
      
APR 1990 0.55 23.26 15.6 0.81 
JUL 1990 0.55 21.28 14.7 0.79 
OCT 1990 0.55 19.23 13.1 0.80 
JAN 1991 0.55 17.54 12.7 0.76 
APR 1991 0.55 16.95 12.9 0.72 
JUL 1991 0.55 16.67 13.1 0.69 
OCT 1991 0.55 16.13 13.9 0.63 
JAN 1992 0.55 15.63 13.9 0.61 
APR 1992 0.55 16.13 14.1 0.62 
JUL 1992 0.55 16.67 14.9 0.61 
OCT 1992 0.55 16.95 15.8 0.59 
JAN 1993 0.55 17.54 16.9 0.57 
APR 1993 0.55 18.87 17.6 0.59 
JUL 1993 0.55 19.61 17.9 0.60 
OCT 1993 0.55 21.74 18.6 0.64 
JAN 1994 0.55 24.39 19.0 0.70 
APR 1994 0.55 25.64 18.4 0.76 
JUL 1994 0.55 25.64 19.7 0.71 
OCT 1994 0.55 26.32 19.7 0.73 
JAN 1995 0.55 25.64 19.0 0.74 
APR 1995 0.55 27.78 18.7 0.81 
JUL 1995 0.55 29.41 19.3 0.83 
OCT 1995 0.55 28.57 18.6 0.84 
JAN 1996 0.55 28.57 18.8 0.83 
APR 1996 0.55 28.57 20.0 0.78 
JUL 1996 0.55 30.30 20.1 0.82 
OCT 1996 0.55 29.41 19.5 0.82 
JAN 1997 0.55 28.57 19.6 0.80 
APR 1997 0.55 28.57 19.9 0.79 
JUL 1997 0.55 29.41 20.2 0.80 
OCT 1997 0.55 28.57 21.0 0.74 
JAN 1998 0.55 27.78 21.5 0.71 
APR 1998 0.55 27.03 20.6 0.71 
JUL 1998 0.55 27.03 20.0 0.74 
OCT 1998 0.55 27.03 18.8 0.78 
JAN 1999 0.55 26.32 18.4 0.78 
APR 1999 0.55 26.32 18.2 0.79 
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JUL 1999 0.55 26.32 18.3 0.78 
OCT 1999 0.55 26.32 19.1 0.75 
JAN 2000 0.55 26.32 19.3 0.74 
APR 2000 0.55 25.97 19.2 0.74 
JUL 2000 0.55 25.64 18.9 0.74 
OCT 2000 0.55 25.32 18.8 0.74 
JAN 2001 0.55 25.00 17.8 0.77 
APR 2001 0.55 25.00 17.5 0.78 
JUL 2001 0.55 25.00 17.7 0.77 
OCT 2001 0.55 25.00 16.8 0.81  
 
   Modified   
PRIME 
Retail 




APR 1990 0.21 11.90 15.60 0.16 
JUL 1990 0.21 11.24 14.68 0.16 
OCT 1990 0.21 10.75 13.05 0.17 
JAN 1991 0.21 10.20 12.65 0.17 
APR 1991 0.21 10.42 12.91 0.17 
JUL 1991 0.21 10.75 13.13 0.17 
OCT 1991 0.21 10.99 13.89 0.16 
JAN 1992 0.21 11.24 13.93 0.17 
APR 1992 0.21 11.36 14.10 0.17 
JUL 1992 0.21 11.49 14.85 0.16 
OCT 1992 0.21 11.63 15.77 0.15 
JAN 1993 0.21 11.76 16.88 0.15 
APR 1993 0.21 12.05 17.55 0.14 
JUL 1993 0.21 12.35 17.91 0.14 
OCT 1993 0.21 12.66 18.62 0.14 
JAN 1994 0.21 12.99 19.04 0.14 
APR 1994 0.21 12.99 18.40 0.15 
JUL 1994 0.21 14.08 19.66 0.15 
OCT 1994 0.21 13.89 19.66 0.15 
JAN 1995 0.21 13.89 18.95 0.15 
APR 1995 0.21 13.89 18.72 0.15 
JUL 1995 0.21 13.89 19.30 0.15 
OCT 1995 0.21 13.70 18.61 0.15 
JAN 1996 0.21 13.70 18.84 0.15 
APR 1996 0.21 14.29 19.99 0.15 
JUL 1996 0.21 14.49 20.11 0.15 
OCT 1996 0.21 14.08 19.48 0.15 
JAN 1997 0.21 14.29 19.59 0.15 
APR 1997 0.21 14.29 19.85 0.15 
JUL 1997 0.21 14.29 20.19 0.15 
OCT 1997 0.21 14.93 20.98 0.15 
JAN 1998 0.21 14.93 21.47 0.14 
APR 1998 0.21 14.81 20.64 0.15 
JUL 1998 0.21 14.71 19.95 0.15 
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OCT 1998 0.21 14.60 18.80 0.16 
JAN 1999 0.21 14.49 18.37 0.16 
APR 1999 0.21 14.49 18.16 0.17 
JUL 1999 0.21 14.49 18.31 0.16 
OCT 1999 0.21 14.49 19.05 0.16 
JAN 2000 0.21 14.49 19.30 0.16 
APR 2000 0.21 14.71 19.18 0.16 
JUL 2000 0.21 14.93 18.93 0.16 
OCT 2000 0.21 15.15 18.78 0.17 
JAN 2001 0.21 15.15 17.80 0.18 
APR 2001 0.21 15.15 17.50 0.18 
JUL 2001 0.21 15.15 17.74 0.18 
OCT 2001 0.21 15.15 16.85 0.19  
 
 
     
PRIME 
OFFICE 
  BETA (βδyjt,δymt) Djt Dmt βjt(Beta) 






APR 1990 1.46 22.95 15.60 2.14 
JUL 1990 1.46 21.39 14.68 2.12 
OCT 1990 1.46 16.83 13.05 1.88 
JAN 1991 1.46 16.91 12.65 1.95 
APR 1991 1.46 17.20 12.91 1.94 
JUL 1991 1.46 16.67 13.13 1.85 
OCT 1991 1.46 18.75 13.89 1.97 
JAN 1992 1.46 18.53 13.93 1.94 
APR 1992 1.46 18.72 14.10 1.94 
JUL 1992 1.46 21.15 14.85 2.07 
OCT 1992 1.46 24.18 15.77 2.23 
JAN 1993 1.46 29.97 16.88 2.59 
APR 1993 1.46 32.15 17.55 2.67 
JUL 1993 1.46 32.15 17.91 2.62 
OCT 1993 1.46 34.29 18.62 2.68 
JAN 1994 1.46 34.29 19.04 2.63 
APR 1994 1.46 30.26 18.40 2.40 
JUL 1994 1.46 31.16 19.66 2.31 
OCT 1994 1.46 31.89 19.66 2.36 
JAN 1995 1.46 28.87 18.95 2.22 
APR 1995 1.46 27.26 18.72 2.12 
JUL 1995 1.46 29.29 19.30 2.21 
OCT 1995 1.46 27.08 18.61 2.12 
JAN 1996 1.46 26.62 18.84 2.06 
APR 1996 1.46 28.94 19.99 2.11 
JUL 1996 1.46 28.94 20.11 2.10 
OCT 1996 1.46 27.39 19.48 2.05 
JAN 1997 1.46 27.39 19.59 2.04 
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APR 1997 1.46 28.13 19.85 2.07 
JUL 1997 1.46 29.43 20.19 2.12 
OCT 1997 1.46 30.81 20.98 2.14 
JAN 1998 1.46 32.77 21.47 2.22 
APR 1998 1.46 29.68 20.64 2.10 
JUL 1998 1.46 27.61 19.95 2.02 
OCT 1998 1.46 24.08 18.80 1.87 
JAN 1999 1.46 23.03 18.37 1.83 
APR 1999 1.46 22.43 18.16 1.80 
JUL 1999 1.46 22.84 18.31 1.82 
OCT 1999 1.46 25.01 19.05 1.91 
JAN 2000 1.46 25.69 19.30 1.94 
APR 2000 1.46 24.72 19.18 1.88 
JUL 2000 1.46 23.49 18.93 1.81 
OCT 2000 1.46 22.68 18.78 1.76 
JAN 2001 1.46 20.20 17.80 1.65 
APR 2001 1.46 19.48 17.50 1.62 
JUL 2001 1.46 20.02 17.74 1.65 

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































b = (Exp(1) + Alpha) / Exp(1) 
If Alpha > 0 And Alpha < 1 Then GoTo Step1A 
If Alpha > 1 Then GoTo Step3A 
 
Step1A: 
    U1 = Rnd() 
    P = b * U1 
        If P > 1 Then GoTo Step2A 
            
        Y = P ^ (1 / Alpha) 
        U2 = Rnd() 
             
        Select Case U2 
            Case Is <= Exp(-Y) 
            GoTo Finish 
        End Select 
        GoTo Step1A 
             
                 
Step2A: 
     
    Y = -Log((b - P) / Alpha) 
    U2 = Rnd() 
         
        Select Case U2 
            Case Is <= Y ^ (Alpha - 1) 
            GoTo Finish 
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        End Select 
        GoTo Step1A 
         
         
         
Step3A: 
a = 1 / ((2 * Alpha) - 1) ^ 0.5 
b = Alpha - Log(4) 
q = Alpha + (1 / a) 
t = 4.5 
d = 1 + Log(t) 
 
    U1 = Rnd() 
    U2 = Rnd() 
    V = a * Log(U1 / (1 - U1)) 
    Y = Alpha * (Exp(V)) 
    Z = (U1 ^ 2) * U2 
    W = b + (q * V) - Y 
    X = (W + d - (t * Z)) 
         
    Select Case X 
        Case Is >= 0 
            GoTo Finish 
            End Select 
        GoTo Step4A 
         
         
Step4A: 
        Select Case W 
            Case W >= Log(Z) 
            GoTo Finish 
            End Select 
         
        GoTo Step3A 
             
Finish: 
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Appendix 4.5  
 
 
Calculations for Current Income and Its Range 
 
Singapore Market Sector 
 
Raffles Office Market Sector 
 
Jan  Current Income 5.3% x $12,917 = S$685 
Apr     5.5% x $12,378 = S$681 
Jul     5.7% x $11,948 = S$681 
 
Current Income Range is S$681 – S$685 
 
Shenton Office Market Sector 
 
Jan  Current Income 5.6% x $9,688  = S$533 
Apr     5.8% x $9,365  = S$543 
Jul     6.1% x $9,042  = S$551 
 
Current Income Range is S$533 – S$551 
 
 
Hong Kong Market Sector 
 
Central Office Market Sector 
 
Jan  Current Income 5.8% x $81,462 = HK$4,725 
Apr     6.0% x $79,984 = HK$4,799 
Jul     6.5% x $73,571 = HK$4,782 
 
Current Income Range is HK$4,725 – HK$4,799 
 
Wan Chai Office Market Sector 
 
Jan  Current Income 5.1% x $57,973 = HK$2,957 
Apr     5.2% x $56,560 = HK$2,941 
Jul     5.3% x $54,175 = HK$2,871 
 
Current Income Range is HK$2,871 – HK$2,957 
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Appendix 4.6  
 
 
Treasury Bill Rates from SGS 
 
End of Average Buying Rates of  Average Buying Rates of  Weighted  
Period Govt Securities Dealers Govt Securities Dealers Average for  
      3 years 
  2-Year Bond Yield (.75) 5-Year Bond Yield (.25)  
2002 Jan 1.93 3.36 2.29 
  Feb 1.69 3.11 2.05 
  Mar 1.79 3.2 2.14 
  Apr 1.6 2.97 1.94 
  May 1.57 2.95 1.91 
  Jun 1.46 2.78 1.79 
  Jul 1.26 2.6 1.6 
  Aug 1.21 2.46 1.52 
  Sep 1.35 2.43 1.62 
  Oct 1.3 2 1.48 
  Nov 1.19 1.89 1.37 
  Dec 1.07 1.74 1.24 
     
2003 Jan 0.99 1.58 1.14 
  Feb 0.86 1.43 1.0 
  Mar 0.87 1.48 1.01 
  Apr 0.83 1.48 0.99 
  May 0.71 1.32 0.86 
  Jun 0.74 1.41 0.91 
  Jul 1.2 2.06 1.42 
  Aug 1.41 2.58 1.70 
  Sep 1.15 2.5 1.49 
  Oct 1.26 3.1 1.72 
  Nov 1.28 3.11 1.74 
  Dec  - 2.74  
* Figures before 2000 are the modes of closing bid prices quoted by SGS primary dealers.  
* Figures after 2000 are the average of closing bid rates quoted by SGS primary dealers.  
* Overnight repo rates are closing offer rates quoted by SGS primary dealers.  
* Yield is quoted as % p.a.  
* Price is quoted in S$ per $100 of principal amount. 
Source: Singapore Government Securities (http://www.sgs.gov.sg) 





Hong Kong Exchange Fund Bill Rates 
 
As at end of 3 -year  As at end of 3-year 
          
2002 Jan 4.25  2003 Jan 2.505 
 Feb 3.89   Feb 2.230 
 Mar 4.61   Mar 2.062 
 Apr 4.09   Apr 2.274 
 May 3.97   May 1.722 
 Jun 3.46   Jun 1.778 
 Jul 3.15   Jul 2.347 
 Aug 2.53   Aug 2.567 
 Sep 2.38   Sep 2.077 
 Oct 2.67   Oct 2.308 
 Nov 2.82   Nov 2.375 
 Dec 2.359   Dec 2.033 
       
 
*  Before 16 Dec 2002, yield figures are calculated as the arithmetic mean of 4 quotes collected 
from 4 designated banks. Following the introduction of the HKMA EFBN Fixings on 16 Dec 
2002, the yield figures are calculated as the arithmetic mean of the middle 8 quotes, after 
excluding the 2 highest and 2 lowest quotes collected from 12 designated banks. 
 
*  Yield figures powered by Reuters. 
 
Source: Hong Kong Monetary Authority (http://www.info.gov.hk/hkma/) 
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Appendix 4.8
Crystal Ball Simulation Report for Raffles
Simulation started on 7/21/04 at 20:20:00
Simulation stopped on 7/21/04 at 20:25:08
Forecast:  Raffles Modified Duration Cell:  C21
Summary:
Display Range is from 19.05 to 19.85 years
Entire Range is from 19.05 to 19.85 years



























19.05 19.25 19.45 19.65 19.85
1,000 Trials    1,000 Displayed




        
Forecast:  Raffles Modified Duration  
(cont'd)    
Cell:  
C21 
        
Percentiles:      
        
  Percentile    years  
  0%    19.05  
  10%    19.20  
  20%    19.26  
  30%    19.33  
  40%    19.38  
  50%    19.44  
  60%    19.48  
  70%    19.53  
  80%    19.60  
  90%    19.67  
  100%    19.85  
        
 
         
        
        
        
        
        
        
        
        
        
        
        
        
        
        
        
End of Forecast      
 
Target Forecast:  Raffles Modified Duration
 Raffles Equivalent yield -.97
Raffles Rental Value .18
Raffles Current income -.04
Raffles Target Return -.03
Raffles Riskless Return .02
-1 -0.5 0 0.5 1




        
Forecast:  Raffles Returns < Target    Cell:  I9 
        
Summary:       
 Display Range is from 0.0% to 31.0%      
 Entire Range is from 0.0% to 55.4%      
 
After 1,000 Trials, the Std. Error of the Mean is 
0.3%   
        
Statistics:     Value  
 Trials     1000  
 Mean     9.7%  
 Median    7.2%  
 Mode     2.2%  
 Standard Deviation    8.4%  
 Variance    0.7%  
 Skewness    1.56  
 Kurtosis    6.03  
 Coeff. of Variability    0.87  
 Range Minimum    0.0%  
 Range Maximum    55.4%  
 Range Width    55.4%  
 Mean Std. Error    0.27%  
        















        
        





















0.0% 7.7% 15.5% 23.2% 31.0%
1,000 Trials    974 Displayed
Forecast: Raffles Returns < Target
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Target Forecast:  Raffles Returns < Target
Raffles Target Return .92
 Raffles Equivalent yield -.29
Raffles Current income -.03
Raffles Riskless Return .02
Raffles Rental Value -.00
-1 -0.5 0 0.5 1





        
Forecast:  Raffles Returns < Riskless    
Cell:  
I11 
        
Summary:       
 Display Range is from 0.0% to 4.5%      
 Entire Range is from 0.0% to 5.8%      
 
After 1,000 Trials, the Std. Error of the Mean is 
0.0%   
        
Statistics:     Value  
 Trials     1000  
 Mean     1.6%  
 Median    1.4%  
 Mode     0.6%  
 Standard Deviation    1.1%  
 Variance    0.0%  
 Skewness    0.94  
 Kurtosis    3.57  
 Coeff. of Variability    0.69  
 Range Minimum    0.0%  
 Range Maximum    5.8%  
 Range Width    5.8%  
 Mean Std. Error    0.04%  
        















        
        





















0.0% 1.1% 2.3% 3.4% 4.5%
1,000 Trials    985 Displayed
Forecast: Raffles Returns < Riskless
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Target Forecast:  Raffles Returns < Riskless
 Raffles Equivalent yield -.81
Raffles Riskless Return .25
Raffles Rental Value .05
Raffles Target Return -.04
Raffles Current income -.03
-1 -0.5 0 0.5 1






    Assumptions    
        
        
Assumption:  Raffles Current income    
Cell:  
C4 
        
 Normal distribution with parameters:  
 Mean  $683   
 Standard Dev. $1   
     
Selected range is from $681 to $685  
 
        
        
Assumption:   Raffles Equivalent yield    
Cell:  
C3 
        
 Normal distribution with parameters:  
 5% - tile 5.0%  
 95% - tile 5.2%  
     
Selected range is from 5.0% to 5.2%  
 
        
        
Assumption:  Raffles Rental Value    
Cell:  
C5 
        
 Normal distribution with parameters:  
 Mean  $636   
 Standard Dev. $12   
     
Selected range is from $604 to $668  
 
        
        
Assumption:  Raffles Riskless Return    Cell: C14 
        
 Beta distribution with parameters:  
 5% - tile 1.2%  
 95% - tile 2.3%  
 Scale  3.5%  
     
 
Selected range is from 1.2% to 2.3%     
        
        
Assumption:  Raffles Target Return    Cell: C13 
        
 Beta distribution with parameters:  
 5% - tile 1.5%  
 95% - tile 10.0%  
 Scale  17.1%  
     
 
Mean = $683
$680 $682 $683 $685 $686
Raffles Current income
Mean = 5.1%
4.9% 5.0% 5.1% 5.2% 5.3%
 Raffles Equivalent yield
Mean = $636
$600 $618 $636 $654 $672
Raffles Rental Value
Mean = 1.8%
0.8% 1.3% 1.8% 2.3% 2.8%
Raffles Riskless Return
Mean = 5.3%
0.0% 3.6% 7.1% 10.7% 14.3%
Raffles Target Return
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Selected range is from 0.0% to +Infinity     
        
End of Assumptions      
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Appendix 4.9
Crystal Ball Simulation Report for Shenton
Simulation started on 7/21/04 at 23:01:08
Simulation stopped on 7/21/04 at 23:03:03
Forecast:  Shenton Modified Duration Cell:  C21
Summary:
Display Range is from 17.68 to 18.45 years
Entire Range is from 17.65 to 18.47 years



























17.68 17.87 18.06 18.26 18.45
1,000 Trials    997 Displayed



















Target Forecast:  Shenton Modified Duration
Shenton Equivalent Yield -.95
Shenton Rental Value .35
Shenton Current Income -.07
Shenton Target Return .05
Shenton Riskless Return -.02
-1 -0.5 0 0.5 1





Forecast:  Shenton Return < Target Cell:  I9
Summary:
Display Range is from 0.0% to 38.5% percentage
Entire Range is from 0.0% to 60.4% percentage



























0.0% 9.6% 19.3% 28.9% 38.5%
1,000 Trials    959 Displayed
Forecast: Shenton Return < Target
 
 
